
MATH 4320
INTRO TO REAL ANALYSIS II

FINAL EXAM
May 3, 2018

This is an open book, open notes, take-home exam. You are required to
work alone. Please rewrite your solutions, if necessary, so they are not messy.
Do any five of the following six problems. The exam is due (scan and email,
or in person) by Wednesday, May 9, at 5:00pm. Have fun!

1. Let f(x, y) = xy2 + 2x2y − 6xy

(a) Locate the critical points and determine if they are local minimum,
maximum, or neither.

(b) Find the first and second order approximations for f(x, y) at the
point (1,−1)

2. Let f : <n → < be continuously differentiable.
Prove or find a counterexample:

∀x ∈ <n, ∃h ∈ <n, such that
∂f

∂h
(x) = 0

3. Let f ∈ C[0, 1] (continuous functions on [0, 1]) with metric d(f, g) =
supx∈[0,1]|f(x) − g(x)|. Prove that T [f ](x) = 1

2
f(x) is a contraction.

What is the fixed point?

4. Prove Theorem 15.31 in Fitzpatrick using the Mean Value Theorem.
(This is problem 7 in section 15.2.)

5. Let F : <2 → <2 be F (r, θ) = (r cos θ, r sin θ).

(a) For which (r, θ) ∈ <2 does the Inverse Function Theorem apply?

(b) Find the first order approximation of F (r, θ) at (r0, θ0) = (1, π
2
).

(c) Find the first order approximation of F−1(x, y) at (x0, y0) = (0, 1).

(d) Can you find F−1(x, y) explicitly?

6. Let F : <n → <m be continuously differentiable, with F (0) = 0, and
suppose ∀h ∈ <n, ‖DF (0)h‖ ≥ ‖h‖. Prove that

∀ε > 0, ∃r > 0 such that ‖h‖ < r ⇒ ‖F (h)‖ > (1− ε)‖h‖.
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