
MATH 4320
INTRO TO REAL ANALYSIS II

MIDTERM EXAM #2
April 10, 2014

This is an open book, open notes exam, with the following rules. At the
end of class today, you must hand in your solutions to (at least) 50 points
worth of problems. You can work on the remaining problems at home. Email
your solutions to me before midnight tomorrow, Friday, April 11. Please write
your solutions so they are not messy. Good luck!

1. (20 points) Let f : <2 → < and g : <2 → < be first order approxi-
mations at (x0, y0), and let h : < → < be Lipschitz continuous. Prove
that h(f(x, y)) and h(g(x, y) are first order approximations at (x0, y0).

2. Determine the following limits, if they exist. (Be rigorous, but not
long-winded.)

(a) (10 points)

lim
(x,y)→(0,0)

sin(xy)√
x2 + y2

(b) (10 points)

lim
(x,y)→(0,0)

(x + y)2

x2 + y2

(c) (10 points)

lim
(x,y)→(0,0)

sin2(x) + sin2(y)

x2 + y2

3. (20 points) Let C[0, 1] be the space of continuous functions on [0, 1]
with the “uniform” metric. Let T : C[0, 1]→ C[0, 1] be given by

T [f ](x) =
∫ x

0
f(t)dt.

Prove that T is continuous. Hint: Make sure you understand exactly
what you need to prove. What does it mean for T to be continuous?

1



4. Let A = [1,∞)× [1,∞) ⊂ <2, and let f : A→ < be

f(x, y) = 1 +
√

x + 2y.

(a) (10 points) Find the gradient and Hessian of f(x, y).

(b) (10 points) Find the directional derivative ∂f
∂p

at the point (2, 3),

in the direction p = (3, 4).

(c) (10 points) Prove that f is a contraction. Hint: Use the MVT
and Cauchy-Schwarz inequality.
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