
Math 6380 Stochastic Processes
Midterm Exam #2 SOLUTIONS

November 1, 2017

1. Consider the Urn Game with 2 Red balls and 2 Blue balls (2 balls in
each urn). At each turn you choose one ball (randomly) from Urn 1
and put it in Urn 2, then choose one ball (randomly) from Urn 2 and
put it in Urn 1. Let Xn be the number of Red balls in Urn 1 after the
nth turn.

(a) (5 points) What is the transition matrix for the Markov chain?

P =

 1/3 2/3 0
1/6 2/3 1/6
0 2/3 1/3


(b) (5 points) Write down the equations to find the steady state vec-

tor, π, and solve.
π0 = 1/3π0 + 1/6π1

π1 = 2/3π0 + 2/3π1 + 2/3π2

π2 = 1/6π1 + 1/3π2

π0 + π1 + π2 = 1

The solution is π = [1/6, 2/3, 1/6].

(c) (5 points) If you start in state 0, find the expected number of
times you visit state 1 before reaching state 2.

Define Nij to be the expected number of visits to state j before
hitting state 2, starting from state i. Then,

N01 = 1/3N01 + 2/3N11

N11 = 1 + 1/6N01 + 2/3N11

which has solution N01 = N11 = 6.

Another way (actually the same way!) is to remember that N =
(I − P̂ )−1, where P̂ is P with the last row and column removed.
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2. Let {X0, X1, . . .} be a Markov chain with states {0, 1, 2, 3} and transi-
tion matrix

P =


1/2 1/2 0 0
3/4 0 1/4 0
7/8 0 0 1/8
1 0 0 0


(a) (5 points) Find the steady state vector, π.

To keep the calculation simple, use columns 1, 2 and 3, i.e.,
π1 = 1/2π0, π2 = 1/4π2, and π3 = 1/8π2. This yields π =
π0[1, 1/2, 1/8, 1/64]. Since the elements of π add to one, we get
π = [64/105, 32/105, 8/105, 1/105].

(b) (5 points) Find the expected number of transitions to get from
state 0 to state 3.

Solve
T0 = 1 + 1/2T0 + 1/2T1

T1 = 1 + 3/4T0 + 1/4T2

T2 = 1 + 7/8T0

This yields T0 = 104, T1 = 102, T2 = 92.

3. (10 points) Let {X0, X1, . . .} be a Markov chain with states {0, 1, 2, . . . , n},
and transition matrix P . Assume the states are all recurrent. Suppose
somebody gives you $i every time you are in state i. Let Yj be the
expected amount of money you get starting from state j until the first
time you hit state 0. Write the system of equation you would need to
solve to find [Y1, Y2, . . . , Yn].

Yi = i +
∑n
j=1 PijYj, or in matrix form, Y = (I − P̂ )u, where u =

[1, 2, . . . , n]′, and P̂ is P with the 0th row and column removed. An-
other way (actually the same way) is to notice that sinceNij = (I−P̂ )−1

ij

is the expected number of visits to state j before hitting state 0, starting
from state i, so Yi =

∑n
j=1 jNij.

4. Let X1, X2, . . . be iid nonnegative continuous random variables, with
density f(x) and CDF F (x). Let Tn = X1 +X2 + · · ·+Xn be the time
of the nth event. Let h(t) be the probability there are no events in the
interval (t, t+ 1).
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(a) (5 points) Find h(t) explicitly if X ∼ expon(λ).

In this case T1, T2, . . . is a Poisson process, so h(t) = e−λ since the
interval has length 1.

(b) (10 points) Write an equation for h(t), t > 0 by conditioning on
X1. (This will be a renewal equation.) Do not try to solve the
equation.

In general

h(t) = (1− F (t+ 1)) +
∫ t

0
f(s)h(t− s)ds,

i.e., there are no events in (t, t+ 1) if the first event is after t+ 1,
or if the first event is at s and then (starting from there) there are
no events in (t− s, t− s+ 1).

5. (Bonus) Roll a die repeatedly until you get a 1. What is the expected
sum of rolls up to (and including) that roll?

Let N be the first time you roll a 1. Then N is a stopping time, so

E(
N∑
i=1

Xi) = E(N)E(X)

by Wald’s Lemma. ButX ∼ geom(1/6) so E(X) = 6, and E(X) = 7/2,
so the expected sum is 21. Note that you get the same answer if N is
the first time you roll a 6. How can this be?
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