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Chapter 2

The Voter Model with Confidence Levels

2.1 Introduction

Groups of people often have to decide together on some issue or course of action. We wish

to form a model from which we can make conclusions about the group as a whole. In the

model, we will incorporate the group dynamics on a local scale, including how and when a

person changes his or her opinion and how other people influence this decision. The voter

model is one stochastic process that models such interactions. In the voter model, there is

a group of voters, each of whom has an opinion 1 or 0 representing yes or no on some issue.

Each voter has relationships to a subset of the other voters, whom we call neighbors, and

as time passes, each voter’s opinion is influenced by its neighbors. We wish to know how

the voters’ opinions evolve as a whole. Do they ever come to a consensus on the issue? If

consensus occurs, which outcome (1 or 0) is more likely, given every voter’s initial opinion?

If the vertices of a graph G represent voters and the edges neighbor relationships between

voters, then how does the structure of G affect the outcome?

Our work on the voter model was also motivated by an interest in the spread of infec-

tious diseases. Here, the opinions correspond to disease states and a disease spreads from

individuals to “neighbors,” individuals with whom someone has social contact. We wish to

determine how the distribution of infected individuals evolves over time. Do we ever end up

in the state when no one is infected or the state where everyone is infected? How does the

structure of the edge neighbor relationships affect the outcome? The voter model does not

precisely capture disease dynamics since being infected and uninfected is not symmetric in

the same way the 1 and 0 opinions are. However, insights into the voter model may lead

to insights into more complicated epidemiological models.
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The voter model was introduced independently by Clifford and Sudbury [3] and by

Holley and Liggett [16]. Clifford and Sudbury were interested in modeling spatial conflicts

and geographic dominance between two competing species, and Holley and Liggett viewed

the voter model as describing the configuration of spins in a particle system. As the name

suggests, the voter model also can be viewed as representing the opinions of a group of

voters. Our terminology will come from this last interpretation.

In the extensive literature on the voter model, the limiting behavior of the process is

completely described. Unfortunately, the dependence of the limiting behavior on the graph

G is minimal and hence not very interesting. Because of the interaction mechanism usually

used in such models for determining how a voter is influenced by its neighbors, the final

outcome is based only a simple graph theoretic property: the sum of the degrees of the

vertices where the voters’ initial opinions are 1. In this chapter, we present a different

interaction mechanism involving a voter’s confidence level. In this modified voter model,

the structure of G has a large impact on evolution of the voters’ opinions. When G is

finite and connected, consensus always occurs, and we can explicitly calculate how likely

each outcome is. The remarkable feature of the voter model with confidence levels is that

determining the likelihood of each outcome remains tractable despite this dependence on

the structure of G.

The standard reference for the voter model and related interacting particle systems is

Liggett [20] and its continuation [21]. Griffeath [14] and Durrett [9] are also widely used

sources that provide slightly different perspectives. While the previous authors consider

the voter model on infinite graphs, particularly the square lattices in various dimensions,

Aldous and Fill [1] is a very readable account of the theory on finite graphs. Also on finite

graphs, Donnelly and Welsh [7] consider the probability of each outcome and the time

needed to reach consensus.

The area of social influence has an extensive literature on the models of opinion for-

mulation. Poljak and Sûra [25] developed a model where each person has one of a finite

set of opinions, each person has some measure of influence on the opinion of every other

person, and these influences are symmetric. At each discrete time step, a person’s opinion
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is updated to the opinion held by the most neighbors, weighted by their influences. DeG-

root [5] and French [12] proposed a similar model with opinions taken from a real interval,

and where a person’s opinion is updated to an average of his or her neighbor’s opinions,

the average being weighted according to the neighbors’ influence. Both of these models are

related to the Delphi method ([4], [22]) developed at the RAND Corporation for consensus

finding and problem solving in groups. Latané used neural networks to in [17], [18], and

[19] to model social impact, and Merrill presented similar models in [24]. Falmagne and

his colleagues in [6], [10], and [11] explored models for approval voting [2], where voters’

opinions varied according to a stochastic stream of tokens or simple messages.

The idea of confidence levels was inspired by the work of Hoffman [15] and Roberts [27]

who considered the use of confidence levels in deterministic models of opinion formulation

on graphs. Confidence in models of opinion formulation is analogous to disease resistance

in epidemiological models since both dynamically affect how quickly an individual can have

his or her opinion changed, or be infected. Insights into the effect of confidence levels may

lead to a greater understanding of how resistance affects epidemiological models.

In section 2.2 we provide a brief discussion of the original voter model to establish

terminology and some of the tools that we will be using. In section 2.3 we present our

version of the voter model with confidence levels and determine the limiting probability

of entering the uniform 1 opinion, given the graph and the initial opinions. In section 2.4

we present some sample waiting functions and calculate the limiting probability for these

functions on a sample graph. Section 2.5 mentions open questions and potential alternative

ways to bring confidence levels into the voter model.

2.2 The Voter Model

The voter model is well studied, though often many authors focus on infinite graphs. We

present here the voter model on arbitrary finite graphs, using our own terminology and

notation. Let G be a finite, connected, undirected graph on n vertices labeled v1 through

vn. We define a continuous-time Markov process {Zt}t≥0 on the finite state space {0, 1}V (G)

as follows. At every time t ≥ 0, each vertex vi has an opinion Zt(vi) in {0, 1}. Each vertex
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vi asynchronously updates its opinion at times {T`(vi)}∞`=1, where the sequence {T`(vi)}

is a Poisson process with rate 1; that is, T`+1(vi) − T`(vi) is independently exponentially

distributed with mean 1 for each `. The {T`(vi)} are also independent for each vi. We set

T0(vi) = 0 for convenience.

Vertex vi updates its opinion at the times {T`(vi)}∞`=1 according to the following rule:

for T`(vi) < t ≤ T`+1(vi),

Zt(vi) =





0, with probability #{x ∈ NG(vi) : ZT`(vi)(x) = 0}/#NG(vi),

1, with probability #{x ∈ NG(vi) : ZT`(vi)(x) = 1}/#NG(vi).

Note that Zt(vi) is updated only at the times {T`(vi)}1, and is constant on each interval

(T`(vi), T`+1(vi)]. Also observe that the update mechanism is probabilistically the same as

vi adopting the opinion of a neighbor N`(vi) chosen uniformly at random from NG(vi): for

T`(vi) < t ≤ T`+1(vi),

Zt(vi) = ZT`(vi)(N`(vi)), where N`(vi) is chosen uniformly from NG(vi).

We will use this view of the update mechanism for analyzing the voter model.

Because G is finite and connected, the only absorbing states for the process {Zt}t≥0 are

the states of uniform opinion where either Zt(vi) = 0 for all i, or Zt(vi) = 1 for all i. Since

the process will eventually enter one of these absorbing states with probability 1, we wish to

know the probability of entering the uniform 1 opinion given the initial configuration Z0 of

opinions. All vertices have the same opinion in the absorbing states, and so this probability

is the same as the limiting probability of vi’s opinion being 1, for any vertex vi. Thus,

Pr{Zt enters the uniform 1 opinion state | Z0} = lim
t→∞

Pr{Zt(vi) = 1 | Z0}.

This probability can be found by considering another continuous-time Markov process

{Xs} that is dual to {Zt}. The process {Xs}s≥0 is a system of random walks, with one

random walk Xs(vi) starting at each vertex vi. Formally, the process {Xs} is defined on

the finite state space V (G)V (G), where at every s ≥ 0, each vertex has as its state Xs(vi)

1Strictly speaking, this isn’t true since vi’s opinion does not change until immediately after T`(vi).
However, we will stick to the terminology that “vi updates at T`(vi).”
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Figure 2.1: {Xs} progresses backwards in time relative to {Zt}.

a vertex in V (G). The random walk Xs(vi) updates at the discrete times {Sm(vi)}∞m=0.

We think of the dual process as progressing backwards in time relative to {Zt}, as shown

in Figure 2.1. Fix a time t0 > 0. The time t = t0 for {Zt} corresponds to the time s = 0

for {Xs}. For each vertex vi, Xs(vi) traces where vi’s opinion at time t0 came from. We

start with X0(vi) = vi and S0(vi) = 0. At some time T`(vi), where T`(vi) < t0 ≤ T`+1(vi),

vi adopted the opinion of a neighbor vj := N`(vi). We set S1(vi) := t0 − T`(vi) and update

XS1(vi)(vi) to vj . For those s such that 0 ≤ s < S1(vi), Xs(vi) is constant. At some

time T`′(vj), where T`′(vj) < T`(vi) ≤ T`′+1(vj), vj adopted the opinion of a neighbor

vk := N`′(vj). We set S2(vi) := t0 − T`′(vj) and update XS2(vi)(vi) = vk. For those s

such that S1(vi) ≤ s < S2(vi), Xs(vi) is constant. We continue this process, following vi’s

opinion backwards in time, for s ≤ t0. Since vi’s opinion at time t0 is the opinion of Xs(vi)

at time t0 − s, we have that

Zt0(vi) = Zt0−s(Xs(vi)).

Since these random variables are equal, we also have

Pr{Zt0(vi) = 1 | Z0} = Pr{Zt0−s(Xs(vi)) = 1 | Z0}.

By setting s = t0 and taking the limit as t0 → ∞, we conclude that

lim
t0→∞

Pr{Zt0(vi) = 1 | Z0} = lim
t0→∞

Pr{Z0(Xt0(vi)) = 1 | Z0}. (2.1)
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The left hand limit in equation (2.1) is the quantity we want, and thus we have reduced

the problem to calculating the limiting distribution of Xs(vi). The process Xs(vi) is simply

a random walk where Xs(vi) moves to a neighbor chosen uniformly at random at the discrete

times {Sm(vi)}∞m=0. How is {Sm(vi)} distributed? Again, fix t0 > 0, and let m be such

that Sm+1(vi) < t0. Set vj := XSm(vi)(vi), and let ` be such that T`(vj) < t0 − Sm(vi) ≤

T`+1(vj). Note that Sm+1(vi) = t0 − T`(vj). The length of the interval T`+1(vj) − T`(vj) is

exponentially distributed with mean 1, and indicates no information about the direction of

time. Thus, the random variable T`+1(vj) − T`(vj) conditioned on T`(vj) and the random

variable T`+1(vj) − T`(vj) conditioned on T`+1(vj) are both exponentially distributed with

mean 1. Since exponential distributions are memoryless, the distribution of when all the

random walks Xs(vi) move from a vertex vj is independent of when the random walks

arrived at vj . Hence, Sm+1(vi) − Sm(vi) is exponentially distributed with mean 1. Since

the {T`+1(vj) − T`(vj)} are independent for each vj and `, the {Sm+1(vi) − Sm(vi)} are

also independent for each vi and m. Therefore, {Xs(vi)}s≥0 is a standard continuous-time

random walk on G; that is, {Xs(vi)}s≥0 is a random walk that moves to a neighbor chosen

uniformly at random according to a Poisson process with rate 1. From the theory of random

walks (see, for example, [23]),

lim
s→∞

Pr{Z0(Xs(vi)) = 1} =

∑

x∈V (G):Z0(x)=1

degG(x)

∑

x∈V (G)

degG(x)
. (2.2)

Note again that the graph structure does not enter into equation (2.2) and the degrees of

the vertices do. The theory of random walks actually gives us more precise information, in

that we can calculate lims→∞ Pr{Xs(vi) = x}. Summing these values over all x such that

Z0(x) = 1 gives us equation (2.2) above.

The random processes {Xs(vi)} for different vertices vi are coupled together in the

following way. Suppose that Xs(vi) = Xs(vj) = vk for T`(vk) < t0 − s ≤ T`+1(vk). Then

Xt0−T`(vk)(vi) = Xt0−T`(vk)(vj) = N`(vk). In words, if Xs(vi) and Xs(vj) are both at vk,

then Xs(vi) and Xs(vj) move together to the vertex N`(vk) that is chosen uniformly from

vk’s neighborhood. From that point on, Xs(vi) and Xs(vj) remain coupled, in the sense

that Xs(vi) = Xs(vj) for s ≥ t0 − T`(vj). The random walks {Xs} are called coalescing
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random walks, and two random walks Xs(vi) and Xs(vj) are said to coalesce when the two

random walks hit and move together thereafter. With probability 1, all of the random

walks coalesce (see [20]); that is, there is some time S such that Xs(vi) = Xs(vj) for s > S

and for all vi and vj . This provides another proof of the fact that the only absorbing states

for the process {Zt}t≥0 are the states of uniform opinion.

2.3 The Voter Model with Confidence Levels

We now extend the voter model to include the confidence a voter has in its opinion. Specif-

ically, we include the idea that a voter is less likely to consider the opinions of neighbors

the higher its confidence level is. We present one specific set of assumptions for this ex-

tension, and in section 2.5 we point out other possibilities for the assumptions for future

consideration.

To motivate this extension, we consider a group of voters in a two-party political system.

All of the relationships between voters are known and are represented as edges in the graph

G. We assume that the two parties have opposing views on some issue, and that the

members of each party initially assume their party’s position by default before discussion

begins. As the discussion progresses, a voter vi is equally swayed by all of its neighbors in

G, whether they are in its party or not. However, members of the same party are trusted

associates in the sense that if trusted associate vj convinces vi of its opinion, then vj also

convinces vi of vj ’s confidence level in that opinion. In fact, vi’s new confidence level is

even one greater than vj ’s confidence level Ct(vj). Not only does vi accept vj ’s confidence

in the opinion, but vj ’s own credibility is added to vi’s confidence level. When vi adopts

the opinion of a non-trusted associate, then its confidence level simply resets to a level of

0. The effect of a higher confidence level is that it takes longer for any of vi’s neighbors to

convince vi of a new opinion.

We now formally specify the voter model with confidence levels. As above, we have a

finite connected undirected graph G and a continuous-time stochastic process {(Zt, Ct)}t≥0

defined on the state space ({0, 1} × N)V (G). At every time t ≥ 0, each vertex vi has an

opinion Zt(vi) in {0, 1} and a confidence level Ct(vi) in N. We use the confidence level
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to count, in some sense, the number of times that vi’s current opinion has been affirmed

by other voters. A vertex vi asynchronously updates its opinion at times {T`(vi)}∞`=1 by

adopting the opinion of a neighbor vj := N`(vi) chosen uniformly at random; that is, for

T`(vi) < t ≤ T`+1(vi),

Zt(vi) = ZT`(vi)(vj), where vj := N`(vi) is chosen uniformly from NG(vi).

Vertex vi’s confidence level is updated at the same times {T`(vi)}. However, these times

are not distributed as before, so we will specify their distribution below. To specify how

the confidence level is updated, we define vj to be a trusted associate of vi if and only if

vj ’s initial opinion Z0(vj) agrees with vi’s initial opinion Z0(vi). The trusted component

K(vi) of vi is the component containing vi of the subgraph of G induced by vertices whose

initial opinions agree with vi’s. Note that while opinions and confidence levels change as

the process progresses, the trusted relationship does not. For T`(vi) < t ≤ T`+1(vi), Ct(vi)

is updated as follows:

Ct(vi) =





CT`(vi)(vj) + 1 if vj = N`(vi) is a trusted associate of vi,

0 if not.

(2.3)

Notice that vi increments vj ’s confidence level if vj = N`(vi) is a trusted associate, and not

vi’s own confidence level.

Rather than specifying the initial confidence level C0(vi) as a single value, we instead

define C0(vi) to be a random variable with distribution

Pr{C0(vi) = `} = Pr{Xs(vi) leaves K(vi) in exactly ` steps}.

We will explain this assumption during our analysis of the voter model, particularly what the

process Xs(vi) is. However, the reason for this choice is that C0(vi) is a “typical” value rep-

resentative of the values that occur as the process {(Zt, Ct)} is progressing. This assumption

simplifies the analysis since the initial condition for Ct(vi) looks the same as when the pro-

cess is running. When computing the limiting probability limt→∞ Pr{Z0(Xt(vi)) = 1 | Z0},

we condition on Z0 (and intrinsically on G), but not on C0.

The length of the time interval (T`(vi), T`+1(vi)] is dependent purely on the confidence

level Ct(vi) that vi has during that time interval. In most cases, we want a higher confidence
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level to mean a longer time before opinions are updated. Let the waiting function f : N →

R+ be a positive function whose differences f(c) − f(c − 1) are increasing for positive

integers c. If c = CT`(vi)(vi), then T`+1(vi) − T`(vi) is exponentially distributed with mean

f(c) − f(c − 1) if c is positive, and exponentially distributed with mean f(0) if c = 0.

We set T0(vi) = 0 for convenience. This choice of how confidence levels affects update

times is again chosen to simplify the analysis of the voter model. However, it is flexible

enough to consider several different waiting functions f , and we consider several examples

in section 2.4.

To analyze {(Zt, Ct)}, we form the dual process {(Xs, Ds)}s≥0, where, as described

above, the dual is progressing backwards in time relative to {(Zt, Ct)}. Fix a time t0 > 0.

Again, {Xs(vi)}s≤t0
s≥0 traces where vi’s opinion at time t0 came from, and so we have

Zt0(vi) = Zt0−s(Xs(vi)), and

Zt0(vi) = Z0(Xt0(vi)), by setting s = t0.

The process {Xs(vi)}s≥0 is a random walk on G that moves to a neighbor Nm(vi) chosen

uniformly at random at the discrete times {Sm(vi)}∞m=0, where S0(vi) is defined to be 0.

In keeping with our view of the dual progressing backwards in time, the variable Ds(vi) is

defined to be the confidence level Ct0−s(Xs(vi)) of the vertex Xs(vi). The distribution of

Sm+1(vi) − Sm(vi) is dependent on c := Ds(vi), for Sm(vi) ≤ s < Sm+1(vi). Note that c is

constant for s in this interval. As before, since the exponential distribution is independent

of the direction of time and is memoryless, Sm+1(vi) − Sm(vi) is exponentially distributed

with mean f(c) − f(c − 1) if c is positive, and exponentially distributed with mean f(0) if

c = 0.

Note that Ds(vi) updates only when Xs(vi) updates, and that when Xs(vi) does not

leave the current trusted component K(Xs(vi)), then Ds(vi) simply decrements by 1. In

fact, Xs(vi) does not leave the trusted component until Ds(vi) = 0. The critical observation

is that Ds(vi) thus counts the number of steps that Xs(vi) will take in the current trusted

component before leaving. It is slightly disconcerting that Ds(vi) is dependent on the

future (in the sense of the s time variable). However, since the random variable Nm(vi)

of a randomly chosen neighbor at time Sm(vi) is independent of Nm′(vj) for any m′ and
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vj 6= vi, of Nm′(vi) for any m′ 6= m, and of Sm′(vj) for any m′ and vj , and since Ds(vi) is

dependent only on the choices {Nm(vi)}, we will be able to analyze the situation with only

a little extra difficulty. This explains our choice of the distribution of C0(vi):

Pr{C0(vi) = `} = Pr{Xs(vi) leaves K(vi) in exactly ` steps}.

The random walks {Xs} are again coupled in that if Xs′(vi) = Xs′(vj) for some s′,

then Xs(vi) = Xs(vj) for all s ≥ s′. The random variables Ds also are coupled since if

Xs(vi) = Xs(vj) for all s ≥ s′, then so Ds(vi) = Ds(vj) for all s ≥ s′. The system of

random walks {Xs} do coalesce into a single random walk. However, this is not immediate,

and will be proved in Theorem 2.3.

From the construction of the dual, we immediately have

Proposition 2.1 (Duality). The process {(Xs, Ds)}s≥0 is dual to {(Zt, Ct)}t≥0 in the

sense that

Pr{Zt0(vi) = 1 | Z0} = Pr{Z0(Xt0(vi)) = 1 | Z0}, and so

lim
t0→∞

Pr{Zt0(vi) = 1 | Z0} = lim
s→∞

Pr{Z0(Xs(vi)) = 1 | Z0},

if at least one of the limits exists.

Definition 2.2. Let {X̂m(vi)}∞m=0 be the discrete-time Markov chain given by X̂m(vi) =

XSm(vi)(vi). Known as the embedded chain or jump chain for the process {(Xs(vi), Ds(vi)},

{X̂m(vi)} is defined by the state transition probabilities without respect to the holding

times at each state. In our case, {X̂m(vi)} is a standard discrete-time random walk on

G; that is, {X̂m(vi)}∞m=0 is a random walk that moves to a neighbor chosen uniformly at

random at each discrete time unit.

Theorem 2.3 (Coalescence). If Z0 is not a uniform opinion state, then the system

{(Xs, Ds)}s≥0 of random walks almost surely coalesces to a single random walk; that is,

with probability 1 there exists a time Sc such that for all s ≥ Sc and any vi and vj, Xs(vi) =

Xs(vj).

Proof. For the sake of clarity and simplicity of notation, we will refer to the random variables

Xs(vi), Xs(vj), and X̂m(vi) as Xs, X ′
s, and X̂m, respectively. For the rest of the proof,
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vi and vj will simply be arbitrary vertices, and not necessarily the starting vertices of the

random walks.

If G is connected and non-bipartite, then the state space of {X̂m} contains cycles of

both even and odd length. By Corollary 1 of section 5.6 of [26], {X̂m} is a regular Markov

chain. Thus, there exists an integer M such that

Pr{X̂m = vk | X̂0 = vi} > ε (2.4)

for any m ≥ M , any vi and vk, and for some positive constant ε. Let Ei,k,s′ be the event

that the number of updates of Xs (or “steps” of X̂m) that occur between s = 0 and s = s′

is at least M , given that X0 = vi and that Xs′ = vk. Because Z0 is not a uniform opinion

state, K(vi) is not all of G. Thus, there exists a sequence of at most 2M steps of X̂m from

vi to vk to some vertex vj 6∈ K(vk) such that the sequence leaves K(vi). If vi and vk are

in the same trusted component, then one possibility is that the sequence starts at vi, visits

vk, and then exits K(vi) to vj . If vi and vk are in different trusted components, then the

sequence could start at vi, leave K(vi) to visit vk, and then exit K(vi) to vj . Note that vj

is the first vertex visited when X̂m exits K(vk). Since the sequence leaves both K(vi) and

K(vk), the confidence level at each step is bounded by 2M , and so the time to take each of

these steps has finite expectation bounded by f(2M)−f(2M−1). Thus, there exists a time

Si,k and a positive constant δi,k, both dependent on vi and vk, such that the probability of

Ei,k,Si,k
is greater than δi,k. Let S be the maximum of Si,k over all i and k, and similarly

let δ be the minimum of δi,k over all i and k. Then Ei,k,S has probability greater than δ,

for any choice of vi and vk. Thus,

Pr{XS = vk | X0 = vi}

=
∞∑

m=0

Pr{Xs takes m steps during s ∈ (0, S]}Pr{X̂m = vk | X̂0 = vi}

≥
∞∑

m=M

Pr{Xs takes m steps during s ∈ (0, S]}Pr{X̂m = vk | X̂0 = vi}

>
∞∑

m=M

Pr{Xs takes m steps during s ∈ (0, S]}ε by (2.4),

> δε,
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and so

Pr{XS = vk | X0 = vi} > δε. (2.5)

If G is bipartite, we need to consider the parity of the number of steps taken. By

Theorem 5.13 of [26], {X̂m} is an ergodic Markov chain of period two. Thus, there exists

an integer M such that

vi, vk in the same partite set ⇒ Pr{X̂m = vk | X̂0 = vi} > ε if m is even, (2.6)

and

vi, vk in different partite sets ⇒ Pr{X̂m = vk | X̂0 = vi} > ε if m is odd, (2.7)

where m ≥ M and ε is some positive constant. Let E e
i,k,s′ be the event that the number of

updates of Xs (or “steps” of X̂m) that occur between s = 0 and s = s′ is at least M and of

the appropriate parity, given that X0 = vi and that Xs′ = vk. Because Z0 is not a uniform

opinion state, K(vi) is not all of G. Thus, there exists a sequence of at most 2M + 2 steps

of X̂m from vi to vk to some vertex vj 6∈ K(vk) such that the sequence leaves K(vi). As

before, if vi and vk are in the same trusted component, then one possibility is that the

sequence starts at vi, visits vk, and then exits K(vi) to vj . If vi and vk are in different

trusted components, then the sequence could start at vi, leave K(vi) to visit vk, and then

exit K(vi) to vj . Note that vj is the first vertex visited when X̂m exits K(vk). Since the

sequence leaves both K(vi) and K(vk), the confidence level at each step is bounded by

2M + 2, and so the time to take each of these steps has finite expectation bounded by

f(2M + 2) − f(2M + 1). Hence, there exists an Si,k and a positive constant δi,k, both

dependent on vi and vk, such that the probability of Ee
i,k,Si,k

is greater than δi,k. Let S be

the maximum of Si,k over all i and k, and similarly let δ be the minimum of δi,k over all i
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and k. Then Ee
i,k,S has probability greater than δ, for any choice of vi and vk. Thus,

Pr{XS = vk | X0 = vi}

=
∞∑

m=0, m even

Pr{Xs takes m steps during s ∈ (0, S]}Pr{X̂m = vk | X̂0 = vi}

≥
∞∑

m=M , m even

Pr{Xs takes m steps during s ∈ (0, S]}Pr{X̂m = vk | X̂0 = vi}

>
∞∑

m=M , m even

Pr{Xs takes m steps during s ∈ (0, S]}ε by (2.6),

> δε,

and so

Pr{XS = vk | X0 = vi} > δε. (2.8)

Similarly, if vi and vk are in different partite sets, then the same proof works by considering

only an odd number of steps.

Note that the bounds (2.5), (2.8), and the analogous bound when vi and vk are in

different partite sets are time translation invariant, in the sense that for any s > 0,

Pr{XS+s = vk | Xs = vi} > δε.

This is because Xs is independent of the past.

We now consider a second random walk {X ′
s}. We wish to determine the probability of

Xs and X ′
s hitting; that is, of there existing a time Sc such that XSc = X ′

Sc
. Let Sh be the

first time when Xs = X ′
s if Xs and X ′

s hit, and let Sh = ∞ if Xs and X ′
s never hit. Given

that X0 = vi and X ′
0 = vj , the probability that Sh is at most the parameter S from above

is exactly equal to the probability that XS and X ′
S both equal a vertex vk, for some vertex

vk. Thus, we have

Pr{Sh ≤ S | X0 = vi, X
′
0 = vj} =

n∑

k=1

Pr{XS = vk | X0 = vi}Pr{X ′
S = vk | X ′

0 = vj}

>

n∑

k=1

(δε) Pr{X ′
S = vk | X ′

0 = vj} by (2.5) and (2.8),

= δε.
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This result is also time translation invariant, in that

Pr{Sh ≤ S + s | Xs = vi, X
′
s = vj} > δε

for any s > 0.

We now consider what happens in q consecutive time intervals each of length S. The

probability that Xs and X ′
s do not hit in any of the intervals is at most (1 − δε)q, and so

Pr{Sc ≤ Sq | X0 = vi, X
′
0 = vj} ≥ 1 − (1 − δε)q → 1 as q → ∞.

Thus, with probability 1, the random walks Xs and X ′
s hit and so coalesce. Applying this

result to all n random walks in the system {(Xs, Ds)}, we have that with probability 1, the

system {(Xs, Ds)} coalesces into a single random walk.

Note that Theorem 2.3 trivially implies that {Ds}s≥0 also coalesces, i.e., that Ds(vi) =

Ds(vj) for all s ≥ Sc. This is true because Ds(vi) = Ds(vj) whenever Xs(vi) = Xs(vj).

Since the system coalesces, we will now drop the vertex name and only write Xs, Ds,

and X̂m. We wish to calculate lims→∞ Pr{Z0(Xs) = 1 | Z0}; what we will actually calculate

is the more detailed lims→∞ Pr{Xs ∈ K(vi) | Z0} for vertex vi. Note that because of our

setup it would be very difficult to calculate lims→∞ Pr{Xs = vi | Z0} as is done in the

original voter model.

To analyze the limiting probability distribution of Xs we create a new semi-Markov

process X̃s that captures the movement of Xs between different trusted components. Since

this only makes sense when there are different trusted components, we henceforth assume

that the initial set of opinions Z0 is not uniform.

Definition 2.4. The continuous-time process {X̃s}s≥0 is defined on the state space of

vertices v1, . . . , vn of G, where we assume that Z0 is not uniform. Given that Xs ∈ K(vi),

let X̃s be the vertex vj in K(vi) that Xs first visited when entering K(vi). Formally, let s′

be the least time such that Xs′′ ∈ K(vi) for all s′ ≤ s′′ ≤ s. Then let X̃s = Xs′ .

Since Xs is dependent only on its immediate future that is spent in the current trusted

component before leaving, X̃s is a semi-Markov process. The transition probability pik from

vi to vk is the probability that Xs first exits K(vi) to vk given that X0 = vi. Note that
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pik = 0 if vk ∈ K(vi) or if vk is not a neighbor to any vertex in K(vi). The holding time Hi

of X̃s at vi is the time Xs takes to leave K(vi), given that X0 = vi.
2 Note also that the

definition of C0 as a random variable representing a typical value of Ct allows us to form

the semi-Markov process without needing to condition on the initial condition C0.

Lemma 2.5. The process {X̃s}s≥0 is dual to {Xs}s≥0 in the sense that

Pr{Xs ∈ K(vi) | Z0} = Pr{X̃s ∈ K(vi) | Z0}, and so

lim
s→∞

Pr{Xs ∈ K(vi) | Z0} = lim
s→∞

Pr{X̃s ∈ K(vi) | Z0},

if at least one of the limits exists.

Proof. Note that if Xs ∈ K(vi), then X̃s = vj for some vj ∈ K(vi). Then

Pr{Xs ∈ K(vi) | Z0} = Pr
⋃

vj∈K(vi)

{Xs ∈ K(vi) and X̃s = vj | Z0}

= Pr
⋃

vj∈K(vi)

{X̃s = vj | Z0} since X̃s = vj implies Xs ∈ K(vi),

= Pr{X̃s ∈ K(vi) | Z0}.

The last statement of the proposition follows by taking the limit as s → ∞ of both sides of

the above equation.

If we know the limiting probability of X̃s, then summing these probabilities over all

vertices with initial opinion 1, we have

∑

vi:Z0(vi)=1

lim
s→∞

Pr{X̃s = vi | Z0} =
∑

vi:Z0(vi)=1

lim
s→∞

Pr{Xs ∈ K(vi) | Z0}

= lim
s→∞

Pr{Z0(Xs) = 1 | Z0}

where the last expression is the quantity we are interested in. The theory of semi-Markov

processes enables us to calculate the limiting probability distribution of X̃s, if the expected

holding time E[Hi] is finite for each i (see [13]). Let { ̂̃Xr}∞r=0 be the embedded Markov

2Since Xs is independent of its past, the transition probability pik and the holding time Hi are the same
if the definitions condition on Xs′ = vi for some specific time s′. However, for convenience, we simply shift
time so that s′ = 0.
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chain for X̃s. Then

lim
s→∞

Pr{X̃s ∈ K(vi) | Z0} =

∑

vj∈K(vi)

(
E[Hj ] lim

r→∞
Pr{ ̂̃Xr = vj}

)

n∑

k=1

E[Hk]

. (2.9)

Note that { ̂̃Xr} is defined by the transition probabilities pik, which in turn can be deter-

mined from the Markov chain {X̂m}. Since {X̂m} ignores waiting times, {X̂m} and hence

{ ̂̃Xr} is independent of the choice of the waiting function f . To explicitly calculate pik,

let A denote the transition matrix of X̂m on G, and let AH denote the restriction of A to

a subgraph H of G. We denote the complement in G of a subgraph H by H. Let AH×H

denote the restriction of A to transitions from H to H. Given that X0 = vi, we wish to

compute the probability that Xs exits K(vi) to vertex vk ∈ K(vi). This probability is

exactly the probability that, given that X̂0 = vi, X̂m leaves K(vi) by going to vertex vk.

Using Markov chain theory (see, for example, chapter 5 of [26]), the matrix

B = (I − AK(vi))
−1A

K(vi)×K(vi)

gives the exit probabilities of X̂m from K(vi). That is, if B = [bjk], then

bjk = Pr{X̂m exits K(vi) to vk ∈ K(vi) | X̂0 = vj ∈ K(vi)}.

We also need to calculate the expected holding time E[Hi], which is just the ex-

pected time s when Xs exits K(vi), given that X0 = vi. Recall that the ikth entry of

Ad
K(vi)

A
K(vi)×K(vi)

gives the probability that X̂m exits K(vi) to vk ∈ K(vi) in exactly d+1

steps, given that X̂0 = vi. Thus,

E[time for Xs to exit K(vi) to vk | X0 = vi and Xs exits to vk]

=

∞∑

d=0

(
E[time for Xs to exit K(vi) | X̂m exits to vk in d + 1 steps and X̂0 = vi]×

Pr{X̂m exits to vk in d + 1 steps | X̂0 = vi}
)

The value of Ds determines the distribution of the holding time of Xs at vi: Ds is the number

of steps that will be taken in K(vi) before exiting K(vi). Let vi = u0, u1, . . . , ud+1 = vk be

the path taken by X̂m in K(vi) before exiting K(vi) to vk. The holding time of Xs at vi is
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thus independent of vi, vk, and the sequence u1, . . . , ud of steps taken within K(vi) from vi

to vk. Thus,

E[time for Xs to exit K(vi) | X̂m exits in d + 1 steps to vk and X̂0 = vi]

= E[time for Xs to exit K(vi) | X̂m exits in d + 1 steps]

=
d∑

q=0

E[holding time for Xs at uq | X̂m exits K(vi) in d + 1 − q steps]

(i.e., conditioned on Ds = d + 1 − q)

= f(0) + [f(1) − f(0)] + [f(2) − f(1)] + . . . + [f(d) − f(d − 1)]

= f(d),

where the second to last equality follows from how the confidence level and f affects the

time between updates. Thus, the expected time until Xs exits K(vi), given that X0 = vi

and that Xs = vk, is

E[time for Xs to exit K(vi) | X̂m exits to vk and X̂0 = vi]

=

∞∑

d=0

E[time for Xs to exit K(vi) | X̂m exits in d + 1 steps to vk and X̂0 = vi]×

Pr[Xs exits K(vi) in d + 1 steps | X̂m exits to vk and X̂0 = vi]

=
∞∑

d=0

f(d)
Pr[Xs exits K(vi) in d + 1 steps to vk | X̂0 = vi]

Pr[X̂m exits to vk | X̂0 = vi]

=
1

bik

(
ikth entry of

∞∑

d=0

f(d)Ad
K(vi)

A
K(vi)×K(vi)

)
.

If the series is convergent, then the expected time is finite, and formula (2.9) for the

limiting distribution of X̃s holds. In the next section, we will consider specific choices for

the waiting function f and examine how the process {(Xs, Ds)} behaves with each choice.

2.4 Specific Choices for the Waiting Function

We first need a standard result about power series of matrices.

Lemma 2.6. Let
∑∞

d=0 f(d)xd be a power series in the complex variable x with radius of

convergence R. Then
∑∞

d=0 f(d)Md is a convergent power series in the matrix M if all of
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the eigenvalues of M have modulus less than R. Furthermore, if r(x) is a rational function

in x such that r(x) =
∑∞

d=0 f(d)xd for all |x| < R, then r(M) =
∑∞

d=0 f(d)Md if all of the

eigenvalues of M have modulus less than R.

This result follows from the fact that a power series formula r clearly holds for diago-

nalizable matrices, and the diagonalizable matrices are dense in the space of all matrices.

Definition 2.7. Let G1 denote the subgraph of G induced by vertices vi whose initial

opinions Z0(vi) are 1, and similarly define G0. Let A denote the transition matrix of X̂m

on G, and let AH denote the restriction of A to a subgraph H of G. For each connected

component K of G1 or G0, let e(K) denote the largest modulus of eigenvalues of AK . Define

µ(G, Z0) to be the maximum e(K) taken over all components K of G1 and G0. If every

component that attains the maximum µ(G, Z0) has the same initial opinion, then define

µ′(G, Z0) to be the maximum e(K) taken over all components K that have the opposite

opinion.

Lemma 2.8. For any non-uniform set of initial opinions Z0, µ(G, Z0) < 1.

Proof. This statement follows immediately from the fact that X̂m will leave each trusted

component with probability 1.

We now consider several specific waiting functions, and show how the voter model with

confidence levels behaves with these choices. To make the examples concrete, we calculate

lims→∞ Pr{Zt(vi) = 1 | Z0} for the graph G shown in Figure 2.2 and for various parameters

of the waiting functions. In the figure, vertices with initial opinion Z0(vi) = 1 are marked

with black dots, while vertices with initial opinion 0 are marked with hollow dots. We will

refer to the three trusted components as K(v1), K(v2), and K(v6). The transition matrix
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v1 v2 v3

v5 v6

v7 v8

v4

v9

Figure 2.2: Initial opinions Z0 on G. Vertices with initial opinion Z0(vi) = 1 are marked
with black dots, while vertices with initial opinion 0 are marked with hollow
dots. We refer to the three trusted components as K(v1), K(v2), and K(v6).

A of X̂m on G is

A =




0 1/2 0 1/2 0 0 0 0 0

1/3 0 1/3 0 1/3 0 0 0 0

0 1/3 0 0 0 1/3 0 0 1/3

1/3 0 0 0 1/3 0 1/3 0 0

0 1/5 0 1/5 0 1/5 0 1/5 1/5

0 0 1/3 0 1/3 0 0 0 1/3

0 0 0 1/3 0 0 0 1/3 1/3

0 0 0 0 1/3 0 1/3 0 1/3

0 0 1/5 0 1/5 1/5 1/5 1/5 0




.

It is interesting to note the behavior of the classic voter model, where

lim
t→∞

Pr{Zt(vi) = 1 | Z0} =
16

30
≈ .5333

from equation (2.2).

Lemma 2.6 enables us to calculate the limiting probability for any polynomial waiting

function. We present one specific class of polynomials here.
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Figure 2.3: Pr{Zt enters the uniform 1 opinion state | Z0} as a function of `.

Example 2.9. Let f be the polynomial f(d) =
(
d+`

`

)
, where ` is a positive integer. Note

that
∞∑

d=0

(
d + `

`

)
xd =

1

(1 − x)`+1

by integrating the power series ` times. This series is convergent for |x| < 1, and so
∑∞

d=0

(
d+`

`

)
Ad

K(vi)
= (I − AK(vi))

−(`+1) holds for any component K(vi). Figure 2.3 shows

the limiting distribution for ` = 1, . . . , 30 for our example graph G. Note that when ` = 1,

f(d) = d + 1, and the voter model with confidence levels reduces to the special case of the

classic voter model. Thus, at ` = 1, lims→∞ Pr{Zt(vi) = 1 | Z0} = 8/15.

Example 2.10. Let f be the exponential function f(d) = λd, where λ > 1. If λ <

1/µ(G, Z0), then all of the eigenvalues of λAK(vi) are less than 1 in modulus for any compo-

nent K(vi). Thus,
∑∞

d=0 λdAd
K(vi)

is a convergent power series, and, using the formula for a

convergent geometric series, is equal to (I−λAK(vi))
−1A

K(vi)×K(vi)
. For λ ≥ 1/µ(G, Z0), it

is not clear that the limiting probability exists, since the theory of semi-Markov processes

in general does not deal with infinite expected holding times. It is an open problem to

determine the behavior beyond the threshold 1/µ(G, Z0).

When λ = 1, f(d) is a constant function. Thus, the expected time for Xs to leave a

trusted component is 1, regardless of the number of steps taken. The limiting probability

reduces to the stationary distribution of the embedded Markov chain
̂̃
Xr of the semi-Markov
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Figure 2.4: Pr{Zt enters the uniform 1 opinion state | Z0} as a function of λ.

process X̃s. Since there are two opinions, the underlying graph of
̂̃
Xr is always a bipartite

graph, and hence limt→∞ Pr{Zt(vi) = 1 | Z0} = 1/2.

For our example graph G, the largest eigenvalue in modulus of AK(v1), AK(v2), and

AK(v6) is µ(G, Z0) ≈ .6037 from AK(v6). We can thus calculate lims→∞ Pr{Zt(vi) = 1 | Z0}

for 1 < λ < 1/µ(G, Z0) ≈ 1.6566 using the geometric series formula.

We can also create a waiting function that is increasing with d yet bounded.

Example 2.11. Let f be the function f(d) = 2− θd, for 0 < θ < 1. Here 2 is an arbitrary

constant chosen for concreteness. Since

∞∑

d=0

(2 − θd)xd =
2

1 − x
− 1

1 − θx

for |x| < 1,
∑∞

d=0(2 − θd)Ad
K(vi)

is convergent for any component K(vi). The limiting

probability as a function of θ is shown in Figure 2.5. When θ is 0 or 1, f(d) is constant,

and, as seen above, the limiting probability is 1/2. Interestingly, the limiting probability

is less than 1/2 for 0 < θ < 1, attaining a minimum at θ ≈ .6430. However, because the

waiting function is bounded, high confidence levels do not significantly affect the limiting

probability, and the limiting probability varies little for θ in the range 0 < θ < 1.
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Figure 2.5: Pr{Zt enters the uniform 1 opinion state | Z0} as a function of θ.

2.5 Conclusion

As with the classic voter model, the results we have presented on the voter model with

confidence levels hold in slightly more general situations. More opinions than 0 and 1

are allowed, and the influence of a neighbor can be more general. If we allow G to be

a digraph, have loops, and have weights on the edges, then we might modify the model

so that when vi updates, vi randomly picks a neighbor vj from N in
G (vi) with probability

proportional to the weight of the directed edge (vj , vi). In the digraph case, the digraph must

be strongly connected for coalescence to occur, and the proof of Theorem 2.3 also needs

to be strengthened in a straightforward way to handle larger periods in Markov chains.

Also, trusted components can be any connected induced subgraphs as long as the initial

opinions within the trusted components are uniform. Unfortunately, if certain features of

the model are weakened, then the type of arguments we have made no longer work. The

independence of the confidence level and the opinion held is absolutely crucial for the dual

to be tractable. Similarly, the 1 added to the confidence level when adopting a trusted

associate’s opinion must remain constant for all vertices and trusted associates within a

trusted component so that the expected time for Xs to leave a trusted component can be

calculated. Distinguishing between trusted associates and non-trusted associates allows the

process to reset itself in a Markov-like property. When treating all neighbors the same,
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there is no control over how fast the confidence levels are increasing.

Our model of confidence levels presented here was chosen primarily for tractability.

However, there are other possibilities both for how the confidence level is updated and

for how the confidence level affects the time period until a vertex updates again. Perhaps

a more natural choice for how the confidence level updates is that the confidence level

increases by one if vi adopts vj ’s opinion and vj ’s opinion is the same as vi’s. If vi’s and vj ’s

opinions are different, then vi’s confidence level decreases by 1. A different model would be

to reset vi’s confidence level to 0 in the latter case. Confidence levels could also be bounded

above and stay at the upper bound once reached until they decrease. The confidence level

could also increase or decrease by amounts determined by which neighbor the opinion was

adopted from.

The choice of exponential distributions for the time periods between updates is common

in stochastic models. In our model they are crucial for being able to define the holding time

at each vertex for the dual random walk Xs. However, if other techniques can be used, then

other distributions could be considered. The use of the differences f(c)− f(c− 1) is purely

for notational ease and does not restrict the waiting function f . The main restriction on f

from the point of view of analysis of the model is that the limiting probability of the semi-

Markov process must exist. One necessary condition is that the expected holding times of

X̃s are finite. However, it seems that little is known about the existence of the limiting

probability when the expected holding times are infinite. This remains an interesting open

question.

One reason our modification to the voter model seems appealing is that it is a stochastic

system with nontrivial dependence of the limiting behavior on the structure of G but which

still remains tractable. It would be very interesting to construct other modifications of

the voter model that also have this property, or to construct similar modifications of other

stochastic models such as the contact process or the exclusion process (see [20]). As men-

tioned in the introduction, confidence levels were introduced originally in some simplistic

deterministic models of opinion formulation. It would be interesting to incorporate confi-

dence levels into other deterministic models, such as the majority process or the k-threshold
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process (see [8]).

Since we were motivated to consider the voter model by our interest in epidemiological

models, it would be interesting to consider other modifications that are more biologically

motivated. Confidence levels can be thought of as modeling an individual’s resistance to

infection, but perhaps there are other ways of modeling resistance. More complicating

factors such as mutations and length of infection would also be interesting to consider.
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