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Abstract

Introduced implicitly by Brualdi and Massey [3] in their work on the strong chro-
matic index of multigraphs, the arc incidence graph AI(G) of a graph G is defined as
the square of the line graph of the incidence graph of G. We describe a linear-time
algorithm for recognizing arc incidence graphs and reconstructing a graph with no
isolated vertices from its arc incidence graph.

1 Introduction

The arc incidence graph of a graph G, denoted AI(G), was implicitly introduced by Brualdi
and Massey [3] in their work on the strong chromatic index of multigraphs. In that context,
Brualdi and Massey refer to the chromatic number of AI(G) as the incidence coloring num-
ber of G, and because AI(G) can be defined as the square of the line graph of the incidence
graph of G, it follows that the incidence coloring number of G equals the strong chromatic
index of the incidence graph of G. Brualdi and Massey also formulated the so-called Inci-
dence Coloring Conjecture, and as a result, the incidence coloring numbers of various graphs
(equivalently, the chromatic numbers of arc incidence graphs) have been studied in several
papers (see, for example, Hosseini Dolama, Sopena, and Zhu [10] and Maydanskiy [13]).
Venkataraman, Sundareswaran, and Swaminathan [17] studied the domination and indepen-
dence numbers of arc incidence graphs, while Zhang, Yao, Li, Liu, Wang, and Xu [18] studied
(among other topics) their hamiltonicity.

In Section 2, we give a more concrete definition of AI(G) which suggests that the arc
incidence graph can be viewed as a variant of the line graph. Much work has been done on line
graphs, including structural characterizations (see [2, 11, 16]), recognition algorithms, and
hamiltonicity properties (see [4, 6]). In particular, Lehot [12] and Roussopoulos [14] present
linear-time algorithms for reconstructing a graph from its line graph. In that spirit, this paper
describes a linear-time algorithm for recognizing arc incidence graphs and reconstructing a
graph with no isolated vertices from its arc incidence graph. The algorithm also shows that
the map G 7→ AI(G) is injective for graphs G with no isolated vertices. Section 2 contains
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preliminary material on arc incidence graphs, while Section 3 describes the algorithm and
proves its correctness.

We close this section with the formal statement of our main result.

Reconstruction Theorem. Let H be a graph with n vertices and m edges. The Recon-
struction Algorithm described in Section 3 either finds a graph G with no isolated vertices
such that H = AI(G) or it determines that no such G exists. If G exists, it is unique up to
isomorphism. The running time of the Reconstruction Algorithm is O(m+ n).

Note 1.1. To be precise in the statement of the Reconstruction Theorem, we should specify
that the running time relies on: (1) having a fixed, known (but arbitrary) linear ordering
on the vertices in H; (2) being able to enumerate the vertices adjacent to a vertex v ∈ H
in O(degH v) steps in the linear order given by (1); and (3) being able to determine if two
vertices in H are adjacent in O(1) steps. These three conditions are satisfied if we are given
the adjacency lists of vertices in H as linked hash sets1 in which the iteration orders are
consistent with some fixed, known linear ordering of the vertices. Note that, in particular,
this allows us to pre-compute the degrees of the vertices in H as well as the maximum and
minimum degrees in H in O(m) steps.

2 Preliminaries

It turns out to be more natural to define the arc incidence graph of a digraph before defining
the arc incidence graph of a graph; in particular, this will explain the use of the word arc.
Let D be a digraph. Denote an arc in D from u to v by (u, v); we call u its initial vertex
and v its terminal vertex. The arc incidence graph of D, denoted AI(D), has the arcs of D
as its vertex set, and there is an edge between two vertices in AI(D) if one of the following
conditions holds: (1) the corresponding arcs in D share the same initial vertex (we call this
an edge of type 1 ); (2) the initial vertex of one arc is the terminal vertex of the other and
vice versa (we call this an edge of type 2 ); or (3) the initial vertex of one arc is the terminal
vertex of the other but not vice versa (we call this an edge of type 3 ).

If G is a simple graph and D is the digraph obtained by replacing each edge uv of
G by a pair of arcs (u, v) and (v, u), then the arc incidence graph of G is defined to be
AI(G) = AI(D). Note that adding isolated vertices to G does not change AI(G), which is why
the Reconstruction Theorem concentrates on graphs with no isolated vertices. Throughout
the paper, we will refer to the arcs of a graph G, by which we mean ordered pairs of adjacent
vertices in G. Figure 1 shows two examples of arc incidence graphs with the edge types
labeled. Throughout this paper, Kn denotes the complete graph on n vertices, Cn denotes
the cycle on n vertices, Pn denotes the path on n vertices, and En denotes the empty graph
on n vertices (that is, the graph with no edges). We allow the graph with no vertices and
no edges, and it is both complete and empty.

As mentioned in Section 1, the goal of this paper is to present an algorithm for recon-
structing G from AI(G), and from now on, we will concentrate on arc incidence graphs of
graphs. It would be interesting to investigate a similar problem for arc incidence graphs

1A linked hash set is a hash set that maintains a doubly-linked list of its entries so that its iteration order
is consistent (and is equal to insertion order). See [5, Exercise 22.1-8] and [1] for an implementation in Java.
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(b) C4 (on the left) and AI(C4) (on the right)

Figure 1: Two examples of arc incidence graphs

of digraphs; the map D 7→ AI(D) is far from injective, but there may still be an efficient
algorithm for deciding whether or not a graph H is the arc incidence graph of a digraph,
and if so, constructing one such digraph. Similar investigations have been done on directed
variants of line graphs (see [7, 8, 9, 15]).

The rest of this section is devoted to proving structural results about AI(G). We use
∆(G) to denote the maximum degree in a graph G and δ(G) to denote the minimum degree.
We denote the join of two graphs H1 and H2 by H1 + H2. The join is obtained from the
disjoint union H1 ∪H2 by making every vertex in H1 adjacent to every vertex in H2.

Throughout the paper, the letters t, u, v, and w always refer to vertices in G, the letters
x, y, and z always refer to vertices in AI(G) (equivalently, arcs in G), and the letters e and f
always refer to edges in AI(G). We say that the vertices in AI(G) with initial vertex u form
the core Cu of u, while those with terminal vertex u form the periphery Pu of u; determining
the arc of G to which a vertex in AI(G) corresponds is equivalent to determining the core
and periphery to which it belongs. If e is an edge in AI(G), let Ne be the vertices of AI(G)
adjacent to both endpoints of e, and let He be the subgraph induced on Ne. The following
lemma, which follows directly from the definition of AI(G), details the relationship between
edge types, He, cores, and peripheries; Figure 3 illustrates each part of Lemma 2.1 using the
graph given in Figure 2.

Lemma 2.1. Let e be an edge in AI(G).

1. If e is a type 1 edge with endpoints (u, v) and (u,w), let α = degG(u). Then He =
Kα−2+Eα, where Kα−2 is the complete graph on the α−2 incidences in Cu\{(u, v), (u,w)}
and Eα is the empty graph on the α incidences in Pu.

2. If e is a type 2 edge with endpoints (u, v) and (v, u), let α = degG(u) and β = degG(v).
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Figure 2: The graph G used in Figure 3 to illustrate Lemma 2.1

Then He = Kα−1 ∪Kβ−1, where Kα−1 is the complete graph on the α− 1 incidences in
Cu \ {(u, v)} and Kβ−1 is the complete graph on the β − 1 incidences in Cv \ {(v, u)}.

3. If e is a type 3 edge with endpoints (u, v) and (v, w), let β = degG(v). If u and w are
adjacent in G, then He = Kβ−1 ∪ E1, while if u and w are not adjacent in G, then
He = Kβ−1, where Kβ−1 is the complete graph on the β − 1 incidences in Cv \ {(v, w)}
and E1 is the empty graph on {(w, u)}.

Furthermore, if He 6= E2, then e is of type 1 if and only He is not the disjoint union of two
or fewer complete graphs.

Corollary 2.2. Let e be an edge in AI(G) with endpoints x and y. It takes O(degAI(G)(x) +
degAI(G)(y)) steps to find Ne. If Ne is known and He 6= E2, then it takes O(|Ne|) steps to
determine whether or not e is a type 1 edge. If Ne is known, e is a type 1 edge, and x and
y have initial vertex u, then it takes O(|Ne|) steps to determine Cu and Pu.

Proof. The adjacency lists of x and y yield Ne in O(degAI(G)(x) + degAI(G)(y)) steps. Let
Ne = {z1, z2, . . . , zk}, and suppose He 6= E2.

If e is a type 1 edge, He contains a unique maximal independent set of size |Ne|/2+1 > 2.
By the Pigeonhole Principle, and since |Ne| is even, there exist integers i and j such that zi,
zi+1, and zj are distinct, pairwise independent vertices in Ne. Conversely, for any edge e, if
zi, zi+1, and zj are distinct, pairwise independent vertices in Ne, then He is not a disjoint
union of two or fewer complete graphs, and e is a type 1 edge. It takes O(|Ne|) steps to find
such i and j or determine that they do not exist (see Note 1.1 for our assumptions about
the presentation of AI(G)). This determines whether or not e is a type 1 edge.

Furthermore, if e is a type 1 edge, x and y have initial vertex u, and zi and zi+1 are not
adjacent, then Cu consists of x, y, and all vertices in Ne adjacent to zi, and Pu consists of zi
and all vertices in Ne not adjacent to zi. Finding Cu and Pu takes O(|Ne|) steps.

The next two lemmas relate degrees in G and AI(G).

Lemma 2.3. If x = (u, v) is a vertex in AI(G), then

degAI(G)(x) = 2 degG(u) + degG(v)− 2.

Proof. The set of vertices adjacent to x in AI(G) is (Cu \ {x}) ∪ Pu ∪ Cv, which has size
2 degG(u) + degG(v)− 2.
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(a) The graph AI(G) with a type 1 edge labeled
e and He = K1 + E3 highlighted
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(b) The graph AI(G) with a type 2 edge labeled
e and He = K2 ∪ E1 highlighted
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(u,w)
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e

(c) The graph AI(G) with a type 3 edge labeled
e and He = K1 ∪ E1 highlighted

Figure 3: Examples of the subgraph He from Lemma 2.1 when G is the graph in Figure 2
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Lemma 2.4. Let G be a connected graph. If ∆(AI(G)) = 4 = δ(AI(G)), then G = Cn with
n ≥ 3. If ∆(AI(G)) = 4 and δ(AI(G)) = 2, then G = Pn with n ≥ 4. If ∆(AI(G)) = 3
and δ(AI(G)) = 2, then G = P3. If ∆(AI(G)) = 1 = δ(AI(G)), then G = P2. Otherwise,
∆(AI(G)) > 4.

Proof. Suppose x = (u, v) is a vertex in AI(G) of degree ∆(AI(G)). Since the degree of
(v, u) is at most degAI(G)(x) = ∆(AI(G)), Lemma 2.3 shows that degG(u) ≥ degG(v). If
∆(AI(G)) > 4, it follows that degG(u) ≥ 3. On the other hand, if ∆(AI(G)) ≤ 4, then every
vertex in G has degree at most 2. Since G is connected, G is a path or a cycle. Applying
Lemma 2.3 when G is a path or a cycle completes the proof.

This completes the list of lemmas needed to state the Reconstruction Algorithm and
prove the Reconstruction Theorem.

3 The Reconstruction Algorithm

Given a graph H with n vertices and m edges, the Reconstruction Algorithm finds a graph G
on the vertex set {v1, v2, . . . } with no isolated vertices such that H = AI(G), or it determines
that no such G exists. Since AI(G) does not depend on the number of isolated vertices in
G, the Reconstruction Algorithm is also a recognition algorithm for arc incidence graphs of
graphs. Its running time is O(m+ n), and it is broken into five phases.

The Reconstruction Algorithm assumes that G exists and deduces information about
G from the structure of H. It makes no arbitrary choices about the structure of G. It
terminates in one of three situations: (1) H does not satisfy any of the cases detailed in
some step of the algorithm; (2) a graph G is constructed for which H 6= AI(G); or (3) a
graph G is constructed for which H = AI(G). If one of the first two situations occurs,
H is not an arc incidence graph. If the third situation occurs, it follows that G is unique
(up to isomorphism). Therefore the proof of the Reconstruction Theorem follows directly
from the correctness and running time proofs given below for each of the five phases of the
Reconstruction Algorithm.

To illustrate the Reconstruction Algorithm in action, we will use the graph H in Figure 4
as a running example.

Reconstruction Algorithm: Phase 1. (Goal: Reduce to the case where H is connected.)
AI(G) is the disjoint union of the arc incidence graphs of the connected components of G.
If H is disconnected, run the Reconstruction Algorithm on each connected component. If
some connected component is not an arc incidence graph, then H is not an arc incidence
graph. Otherwise, H is the arc incidence graph of the disjoint union of the graphs whose arc
incidence graphs are the connected components of H.

Correctness of Phase 1. This correctness of this step is obvious.

Running Time of Phase 1. The connected components of H can be found in O(m + n)
steps. If the running time of the Reconstruction Algorithm on each connected component is
linear in the number of vertices and edges in that connected component, then the running
time of the Reconstruction Algorithm overall will be O(m+ n).
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Figure 4: The running example H

Reconstruction Algorithm: Phase 2. (Goal: Find an edge of type 1 and use it to find
Cv1 and Pv1 .) There are five cases:

1. ∆(H) > 4: Let x be a vertex in H of degree ∆(H). Let e be an edge with endpoint x.
Use Corollary 2.2 to determine which subcase applies.

(a) He = E2 or He = E1: Let y be a vertex in He and let f be the edge xy. Go to
Subcase (b), using f in place of e.

(b) He contains an edge and e is not a type 1 edge: Let f be an edge in He. Go to
Subcase (c), using f in place of e.

(c) He contains an edge and e is a type 1 edge: Use Corollary 2.2 to find Cv1 and Pv1 .

2. ∆(H) = 4 = δ(H): Let e be an edge in H with endpoints x and y. If Ne consists of
one vertex, say z, let f be the edge xz; otherwise, let f = e. Then Hf = E2. Assign
the two endpoints of f to Cv1 and the two vertices in Hf to Pv1 .

3. ∆(H) = 4 and δ(H) = 2: Let x be a vertex in H of degree 2. Then x has a neighbor
y of degree 3. Assign x to Cv1 and assign y to Pv1 .

4. ∆(H) = 3 and δ(H) = 2: Verify that H = AI(P3). Exit the algorithm.

5. ∆(H) = 1 = δ(H): Verify that H = AI(P2). Exit the algorithm.

Correctness of Phase 2. Lemma 2.4 shows there are five cases to consider. In Case 1,
if x = (u, v), then degG(u) ≥ 3 by the argument in the proof of Lemma 2.4. This implies
that in Subcase 1(a), e must be an edge of type 3 whose other endpoint has the form (v, w),
degG(v) = 2, and the vertices of He are (v, u) and (if He = E2) (w, u). Thus f is an edge of
type 2 or 3, Hf has an edge because it contains Cu \ {(u, v)}, and Subcase 1(b) applies to f .
In Subcase 1(b), e is an edge of type 2 or 3. Thus any edge in He is an edge f of type 1 and
Hf contains e, so Subcase 1(c) applies to f . Subcase 1(c) is correct by Corollary 2.2.

Case 2 arises when G = Cn with n ≥ 3. Then H = C2
2n, where C2

2n is the graph obtained
from C2n by connecting any two vertices that share a neighbor (as depicted in Figure 1).
There are two equivalence classes of edges in C2

2n under the action of Aut(C2
2n); one class

contains edges e satisfying |Ne| = 1 and the other contains edges e satisfying |Ne| = 2.
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The edges e satisfying |Ne| = 1 are of type 3, while the edges satisfying |Ne| = 2 induce
a cycle C2n in which the edges alternate between type 1 and type 2. Hence we may choose
any edge f satisfying |Nf | = 2 to be the type 1 edge between the two vertices in Cv1 . Note
that if AI(Cn) were constructed with the vertices and edges labelled (as in Figure 1 with
n = 4), and then the vertex and edge labels were hidden, we might “accidentally” choose
an edge f that is actually of type 2, not of type 1. But that is not the situation we are in.
We are not given the graph H with hidden labels that we must discern; we are only given
H up to isomorphism. If H is (isomorphic to) C2

2n, then labelling the edges e with |Ne| = 1
as type 1 edges and labelling the edges e with |Ne| = 2 alternately as type 2 and type 3
edges must, up to isomorphism, give us a correct edge labelling. (Another way to explain
this subtlety is that when we are given an arc-incidence graph H, not only is the original
graph reconstructible up to isomorphism, so is the partition of the vertices of H into cores,
except when H = C2

2n, in which case there are two distinct ways in which the vertices of H
can be partitioned into cores.)

Finally, Cases 3, 4, and 5 arise when G = Pn, and the structure of AI(Pn) shows that the
given procedures are correct.

Running Time of Phase 2. By Note 1.1, we are given the adjacency lists of H, so we can
compute ∆(H) and δ(H) in O(m) steps. Thus, it takes O(m) steps to determine which of
the five cases holds. Corollary 2.2 shows that Case 1 takes O(m+ n) steps. The other four
cases obviously take O(m+ n) steps.

Figure 5 demonstrates Phase 2 applied to the running example.

Reconstruction Algorithm: Phase 3. (Goal: On the (j − 1)-st iteration of this phase,
find an edge of type 1 and use it to find Cvj

and Pvj
.) Assume that Cv1 , . . . , Cvj−1

and
Pv1 , . . . ,Pvj−1

have been determined. Let x be a vertex in H that has been assigned to a
periphery, say of vi, but has not be assigned to a core. There are two cases:

1. There is an edge e with endpoint x whose other endpoint y is not in Cvi
: Use Corol-

lary 2.2 to determine which subcase applies.

(a) He = E2: One vertex of He will be in Cvi
and one, say z, will not.

If one of y and z has been assigned to a core, the other has not been. Let f be
the edge between x and the vertex that has not been assigned to a core and go
to Subcase 1(c) using f in place of e.

So suppose neither y nor z has been assigned to a core. If their degrees are not
equal, choose the one whose degree is closest to 4. Let f be the edge between
that vertex and x and go to Subcase 1(c) using f in place of e.

If their degrees are equal, both degrees must be 4. If z is not adjacent to a vertex
in Cvi

, choose y; otherwise, choose either y or z. Let f be the edge between the
chosen vertex and x and go to Subcase 1(c) using f in place of e.

(b) He 6= E2 and e is not of type 1: If He contains a single vertex z, let f = xz;
otherwise, let f be an edge in He. Use Corollary 2.2 to determine Cvj

and Pvj
.

(c) e is known to be of type 1: Use Corollary 2.2 to determine Cvj
and Pvj

.
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y

x
e

f

(a) An edge e incident to a vertex x of maximum degree at
least 4 is chosen, He = E2, Subcase 1(a) applies, and a new
edge f is selected.

e

f

(b) The edge f from Subcase 1(a) is renamed e, He = K2∪E1,
Subcase 1(b) applies, and a new edge f is selected.

Figure 5: In Phase 2, the running example uses Subcases 1(a), 1(b), and 1(c). For each
subcase, the subgraph He has been highlighted. (Figure is continued below.)
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e

(c) The edge f from Subcase 1(b) is renamed e, He = K1 +E3,
and Subcase 1(c) applies.

(v1, ?)

(v1, ?)

(?, v1)

(?, v1)

(v1, ?)

(?, v1)

(d) The core and periphery of v1 are determined in Subcase
1(c).

Figure 5: (Figure has been continued from above.) In Phase 2, the running example uses
Subcases 1(a), 1(b), and 1(c). For each subcase, the subgraph He has been highlighted.
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vi vj w u

w vj

vi

Figure 6: In Phase 3, Subcase 1(a), if the degrees of y and z are both 4, then the induced
subgraph on vj, w, and their neighbors is one of these two graphs.

2. There is no edge e with endpoint x and whose other endpoint has not been assigned
to the core of vi: Assign x to Cvj

. Find a vertex y in Cvi
that has not been assigned to

a periphery and with degH(y) = 2|Cvi
| − 1. Assign y to Pvj

.

Check that no two vertices assigned to Cvj
have also been assigned to the same periphery

and that no two vertices assigned to Pvj
have been assigned to the same core. Repeat this

phase until all vertices have been assigned to a core and a periphery.

Correctness of Phase 3. Let x = (vj, vi). Since y 6= (vi, vj), the edge e is of type 1 or type
3. In Subcase 1(a), degG(vj) = 2 and either (1) e is an edge of type 1, y = (vj, w) for some
vertex w 6= vi, and He = {z = (w, vj), (vi, vj)}, or (2) e is an edge of type 3, y = (w, vj) for
some vertex w 6= vi, and He = {z = (vj, w), (vi, w)}. Either y or z will be in Cvj

, so xy or xz
will be an edge f of type 1 to which Subcase 1(c) applies; it suffices to determine which of
y and z must be in Cvj

.
If Cw has been determined, then one of y and z will be in Cw and the other must be in

Cvj
. If Cw has not been determined, then by Lemma 2.3, of y and z, the vertex that is in Cvj

has degree degG(w) + 2 and the other has degree 2 degG(w). If these degrees are not both 4,
then the vertex whose degree is closer to 4 is the one in Cvj

.
Now suppose that both degrees are 4. Then both vj and w have degree 2 and are adjacent

to each other. Then the induced subgraph on vj, w, and their neighbors is one of the two
graphs in Figure 6. In the top graph, w is not adjacent to vi, so e cannot be an edge of
type 3, and y must be in Cvj

. In the bottom graph, which is isomorphic to C3, inspection of
AI(C3) shows that we can choose either y or z to be in Cvj

. This is illustrated in Figure 7.
In Subcase 1(b), e is an edge of type 3 and y = (w, vj) for some vertex w 6= vi. If He

contains a single vertex z, then z = (vj, w) and xz is of type 1. Otherwise, any edge in He

is an edge of type 1 whose endpoints lie in Cvj
. Either way, applying Corollary 2.2 to the

type 1 edge determines the core and periphery of vj. Corollary 2.2 also handles Subcase 1(c)
correctly.

In Case 2, since x is only adjacent to vertices in Cvi
, it follows that Cvj

= {x}. The lone
vertex y = (vi, vj) in Pvj

will be in Cvi
and will have degree 2|Cvi

| − 1. Moreover, any two
vertices in Cvi

of degree 2|Cvi
| − 1 will have exactly the same neighborhood and will be in

peripheries of size 1. Therefore any such vertex may be chosen to be in Pvj
.

Thus one iteration of this phase correctly determines Cvj
and Pvj

, and since H is con-
nected, eventually every vertex will be assigned to a core and a periphery.
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(w, vi)

x = (vj, vi)(vi, w)

y = (vj, w)

z = (w, vj)

(vi, vj)

e

(a) This shows how to assign cores and periph-
eries so that y is in Cvj

.

z = (vj, w)

(vi, w)

(w, vi)

x = (vj, vi)(vi, vj)

y = (w, vj)

e

(b) This shows how to assign cores and periph-
eries so that z is in Cvj .

Figure 7: In Phase 3, Subcase 1(a), if the degrees of y and z are both 4 and z is adjacent to
a vertex in Cvi

, then either y or z can be chosen to be in Cvj
.
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Running Time of Phase 3. In a single iteration of this phase, it takes O(degH(x)) steps to
determine which case applies. Case 1 requires O(degH(x)+degH(y)) steps. Case 2 requires a
constant number of steps provided that every time a core Cvi

is determined, O(|Cvi
|) steps are

taken to create a list of vertices in Cvi
of degree 2|Cvi

| − 1. Checking that no two vertices in
Cvj

(respectively Pvj
) have been assigned to the same periphery (respectively, core) requires

O(|Cvj
|) steps. No vertex in H serves the role of x or y in more than one iteration of Phase

2 because y is always in Cvj
or Pvj

and x is always in Cvj
. The sum of |Cvj

| over all j is n, so
the total number of steps taken in Phase 2 is O(m+ n).

Figure 8 demonstrates Phase 3 applied to the running example.

Reconstruction Algorithm: Phase 4. (Goal: Construct G.) Construct the graph G on
{v1, . . . , vk} (where Cvk

was the last core to be determined) with vi and vj adjacent if and
only if there is a vertex in Cvi

∩ Pvj
and a vertex in Cvj

∩ Pvi
.

Correctness of Phase 4. It is clear that once all the vertices of H have been assigned to
cores and peripheries, this is how the graph G must be constructed.

Running Time of Phase 4. The construction of G takes O(m+ n) steps.

Figure 9 demonstrates Phase 4 applied to the running example.

Reconstruction Algorithm: Phase 5. (Check that H = AI(G)) The graph G satisfies
H = AI(G) if and only if

1. No two vertices in H are in the same core and the same periphery.

2. If x and y are adjacent in H, then they are in the same core or for some vi, we have
x ∈ Cvi

and y ∈ Pvi
or vice versa.

3. If x is a vertex in Cvi
∩ Pvj

, then degH(x) = 2 degG(vi) + degG(vj)− 2.

Correctness of Phase 5. Clearly all three conditions are necessary. For sufficiency, note
that Condition 1 shows there is a bijection between the vertices of AI(G) and H. Condition
2 shows that no two adjacent vertices in H correspond to incidences of G that are not
adjacent. Finally, Condition 3 shows that each vertex x in H is adjacent to the correct
number of vertices; since all are distinct vertices that x should be adjacent to, this shows
that the neighborhood of x is correct. This is true for all x, so H = AI(G).

Running Time of Phase 5. Condition 1 must be true because it was checked at the end
of Phase 3. Checking Condition 2 can be done in O(m + n) steps. Checking Condition 3
can be done in O(m+ n) steps.
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z

(v1, ?)

(?, v1)

y

(v1, ?)

(v1, ?)

(?, v1)

x = (?, v1)

e/f

(a) Iteration 1: x is a vertex in the periphery of v1 with incident
edge e, He = E2, Subcase 1(a) applies, and either xy or xz can
be chosen as the edge f .

z = (?, v1)

(v2, v1)

x = (?, v2)

(v1, v2)

(?, v1)

(v2, ?)

y = (v1, ?)

(v1, ?)

f

e

(b) Iteration 2: x is a vertex in the periphery of v2 with incident edge e,
He = E2, Subcase 1(a) applies, and xz is chosen as the edge f .

Figure 8: In Phase 3, the running example uses Subcases 1(a), 1(b), and 1(c) and Case 2 in
a total of four iterations. For each subcase, the subgraph He has been highlighted. (Figure
is continued below.)
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z

(v3, v2)

(v1, v2)

x = (?, v1) y

(v2, v3)

(v1, v3)

(v1, ?)

(v3, v1)

(v2, v1)

f
e

(c) Iteration 3: x is a vertex in the periphery of v1 with incident
edge e, He = E1, Subcase 1(b) applies, and xz is chosen as the
edge f .

(v3, v2)

(v1, v2)

(v4, v1) y = (v4, ?)

x = (?, v4)

(v2, v3)

(v1, v3)

(v1, v4)

(v3, v1)

(v2, v1)

(d) Iteration 4: x is a vertex in the periphery of v4, and Case 2 applies.

Figure 8: (Figure has been continued from above.) In Phase 3, the running example uses
Subcases 1(a), 1(b), and 1(c) and Case 2 in a total of four iterations. For each subcase, the
subgraph He has been highlighted. (Figure is continued below.)
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(v3, v2)

(v1, v2)

(v4, v1) (v4, v5) (v5, v4)

(v2, v3)

(v1, v3)

(v1, v4)

(v3, v1)

(v2, v1)

(e) All cores and peripheries have been determined.

Figure 8: (Figure has been continued from above.) In Phase 3, the running example uses
Subcases 1(a), 1(b), and 1(c) and Case 2 in a total of four iterations. For each subcase, the
subgraph He has been highlighted.

(v3, v2)

(v1, v2)

(v4, v1) (v4, v5) (v5, v4)

(v2, v3)

(v1, v3)

(v1, v4)

(v3, v1)

(v2, v1)

(a) All the cores and peripheries have been determined for H.

v3

v2

v1 v4 v5

(b) The graph G is constructed from H.

Figure 9: In Phase 4, the running example constructs a graph G on five vertices. Phase 5
verifies that AI(G) = H.
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