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Abstract: We show via an exhaustive computer search that there does not exist a (K6 −e)-
decomposition of K29. This is the first example of a non-complete graph G for which a
G-decomposition of K2|E(G)|+1 does not exist. q 2009 Wiley Periodicals, Inc. J Combin Designs
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1. INTRODUCTION

Let G and K be graphs. A G-decomposition of K is a set D={G1,G2, . . .,Gt} of
subgraphs of K , called G-blocks, such that Gi ∼=G for 1≤ i≤ t , E(Gi)∩E(G j )=∅
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2 HARTKE ET AL.

for 1≤ i< j ≤ t and E(G1)∪E(G2)∪· · ·∪E(Gt )= E(K ). Of particular interest are
G-decompositions of complete graphs. The complete graph on v vertices is denoted by
Kv , and a G-decomposition of Kv is sometimes called a G-design of order v. Surveys
on the existence of G-designs are [2, 5].
The main result of this article is a proof of the non-existence of a (K6−e)-

decomposition of K29. This is the first example of a non-complete graph G for which
a G-decomposition of K2|E(G)|+1 does not exist. For several reasons which we now
discuss, G-decompositions of K2|E(G)|+1 are of special interest and significance.
A famous and long-standing conjecture of Ringel [19] states that if G is any tree, then

there exists a G-decomposition of K2|E(G)|+1. This conjecture has been the catalyst for
an enormous amount of research. For example, graph labelings were introduced as a
method for attacking Ringel’s conjecture (see [8, 9]). Although it is generally believed
that Ringel’s conjecture is indeed true, the problem is still largely unsolved.
Now consider G-decompositions of Kn in the case where G itself is a complete graph.

A Km-decomposition of Kn is equivalent to an (n,m,1) balanced incomplete block
design (BIBD) and a Steiner system S(2,m,n). In particular, when n=2|E(Km)|+1 (that
is, n=m2−m+1) a Km-decomposition of Kn is a projective plane of orderm−1. Thus,
it is known that there is a Km-decomposition of Km2−m+1 whenever m−1 is a prime
power. On the other hand, the Bruck–Ryser–Chowla Theorem [3, 6] establishes the
non-existence of Km-decompositions of Km2−m+1 for infinitely many values of m. For
example, there is no K7-decomposition of K43. It is also known from a computer search
(see [16]) that there is no projective plane of order 10, that is, no K11-decomposition
of K111. The existence of projective planes of orders not covered by the results just
mentioned remains as one of the most important open problems in design theory.
The more general problem of classifying those graphs that admit a G-decomposition

of K2|E(G)|+1 is an extremely difficult and interesting problem. The only graphs for
which non-existence of such a decomposition has been established are the complete
graphs given by the Bruck–Ryser–Chowla Theorem, K11, and now K6−e. One may ask
whether the techniques behind the Bruck–Ryser–Chowla Theorem can be applied in the
case of non-complete graphs, and in particular to Km−e. It seems very difficult to adapt
the part of the Bruck–Ryser–Chowla Theorem which rules out the existence of certain
projective planes in order to obtain a corresponding result on (Km−e)-decompositions
of Km2−m−1 (and even if one were successful, there is no guarantee that the result
would say anything about the particular case of m=6). In [4], this idea has been
explored and an adaptation of the other part of the Bruck–Ryser–Chowla Theorem is
achieved. Unsurprisingly, it does not rule out the existence of a (Km−e)-decomposition
of Km2−m−1 for any values of m.
A �-labeling of a graph G is an injection f :V (G) �→{0,1, . . .,2|E(G)|} such that

{min{| f (u)− f (v)|,2|E(G)|+1−| f (u)− f (v)|} : {u,v}∈ E(G)}={1,2, . . ., |E(G)|}.
The existence of a �-labeling of a graph G is equivalent to the existence of a cyclic
G-decomposition of K2|E(G)|+1 (see [8]). Thus �-labelings provide, in many cases,
an easy construction for G-decompositions of K2|E(G)|+1. It is conjectured that all
trees, all bipartite graphs, and all 2-regular graphs admit �-labelings. Singer differ-
ence sets [20] yield �-labelings of Kk whenever k−1 is a prime power. Given these
results and conjectures, one might be tempted to conjecture that there exists a cyclic
G-decomposition of K2|E(G)|+1 whenever there exists aG-decomposition of K2|E(G)|+1,
but this is not the case. Although a (K7−K3,3)-decomposition of K25 exists, there is
no such cyclic decomposition. Among all graphs with at most 7 vertices, there are only
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five which do not admit �-labelings [1]. These are K7, K7−e, K7−K1,5, K7−K3,3,
and K6−e.
Thus, the existence of a G-decomposition of K2|E(G)|+1 is now resolved for each

graph G with at most 7 vertices except K7−e and K7−K1,5. There are a large number
of results on the existence of G-decompositions of K2|E(G)|+1, in addition to those
already mentioned, see [5].
In the remainder of this article, we discuss an exhaustive computer search for

a (K6−e)-decomposition of the complete graph K29. Some preliminaries are
discussed in Section 2, and the search and its results are presented in Section 3: no
(K6−e)-decomposition of the complete graph K29 exists. A classification of smaller
decompositions of the same type is also carried out in Section 4; the number of
nonisomorphic (Km−e)-decompositions of Km2−m−1 is 2 for all parameters 3≤m≤5.
The automorphism group of all but one of these decompositions is the cyclic group of
order m2−m−1. The article concludes in Section 5 by discussing connections to other
types of combinatorial objects and by presenting some conjectures on the structure and
existence of these objects for larger parameters.

2. PRELIMINARIES

A G-decomposition of the complete graph K2|E(G)|+1 must be symmetric in several
ways. For example, the number of G-blocks is

(
2|E(G)|+1

2

)/
|E(G)|=2|E(G)|+1,

equaling the order of the graph being decomposed. For G=Km−e, we have 2|E(G)|+
1=m2−m−1.

Lemma 1. Let m≥4. In a (Km−e)-decomposition of Km2−m−1, every vertex of
Km2−m−1 is in m copies and is the endpoint of a nonedge in exactly two of the copies.

Proof. The degree of a vertex in Km2−m−1 ism
2−m−2, and the degrees of the vertices

in Km−e are m−2 (endpoint of the nonedge) and m−1. For a given vertex, let a and b
denote the number of copies of Km−e in which that vertex has degree m−2 and m−1,
respectively. Then (m−2)a+(m−1)b=m2−m−2= (m−2)(m+1), and for m≥4 the
only solutions with nonnegative integers are a=2, b=m−2 and a=m+1, b=0.
Let c and d, respectively, be the number of vertices with these solutions. Then

2c+(m+1)d=2(m2−m−1) and c+d=m2−m−1, with the unique solution c=m2−
m−1, d=0. �

Let us view a decomposition as an “incidence” matrix with rows corresponding to
vertices and columns to copies of Km−e. It is indeed natural to let the rows correspond
to the vertices; think about the Steiner systems in the framework of decompositions of a
complete graph into copies of a smaller complete graph, and consider the convention of
displaying incidence matrices of designs with rows corresponding to points. Incidence
with a vertex in Km −e with degree m−1 is denoted by a 1 and with a vertex with
degree m−2 by a 2 (any other symbol could do, since this number does not represent
multiplicity). Now by Lemma 1, when m≥4, the number of 2s in each row and in
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each column in this incidence is two and the number of 1s is m−2. However, for
typographical reasons, all partial incidence matrices will be presented transposed in the
remainder of the article.
Lemma 1 also implies that, when m≥4, the nonedges of the copies of Km−e form

a 2-regular graph of order m2−m−1. This graph is actually a multigraph: cycles of
length 2 are not excluded.

3. THE MAIN SEARCH AND RESULTS

In the exhaustive search for a (Km−e)-decomposition of Km2−m−1, we first construct
up to isomorphism all possible sets of m copies of Km−e that contain a given vertex.
We first get up to isomorphism a unique set of m−2 copies of Km −e that contain

a certain vertex; for m=6, which will be used as a running example throughout this
section, this part of the transposed incidence matrix is as follows:

11112200000000000000000000000

10000011122000000000000000000

10000000000111220000000000000

10000000000000001112200000000.

Finding two more copies of Km −e to complete the incidence with the first vertex
is an easy search task for a computer. In fact, determining all nonisomorphic such
completions for an arbitrary value of m is a rather straightforward task: there are 9
nonisomorphic completions for any m≥5. For m=6, we get the following 9 partial
solutions:

11112200000000000000000000000

10000011122000000000000000000

10000000000111220000000000000

10000000000000001112200000000

22000000000000000000011110000

22000000000000000000000001111,

(1)

11112200000000000000000000000

10000011122000000000000000000

10000000000111220000000000000

10000000000000001112200000000

22000000000000000000011110000

20200000000000000000000001111,

(2)

Journal of Combinatorial Designs DOI 10.1002/jcd
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11112200000000000000000000000

10000011122000000000000000000

10000000000111220000000000000

10000000000000001112200000000

22000000000000000000011110000

20002000000000000000000001111,

(3)

11112200000000000000000000000

10000011122000000000000000000

10000000000111220000000000000

10000000000000001112200000000

22000000000000000000011110000

20000020000000000000000001111,

(4)

11112200000000000000000000000

10000011122000000000000000000

10000000000111220000000000000

10000000000000001112200000000

22000000000000000000011110000

20000000020000000000000001111,

(5)

11112200000000000000000000000

10000011122000000000000000000

10000000000111220000000000000

10000000000000001112200000000

22000000000000000000011110000

20000000000000000000020001111,

(6)

11112200000000000000000000000

10000011122000000000000000000

10000000000111220000000000000

10000000000000001112200000000

20002000000000000000011110000

20000200000000000000000001111,

(7)

Journal of Combinatorial Designs DOI 10.1002/jcd



6 HARTKE ET AL.

11112200000000000000000000000

10000011122000000000000000000

10000000000111220000000000000

10000000000000001112200000000

20002000000000000000011110000

20000000020000000000000001111,

(8)

11112200000000000000000000000

10000011122000000000000000000

10000000000111220000000000000

10000000000000001112200000000

20002000000000000000011110000

20000000000000000000020001111.

(9)

The main search is split into three cases, depending on the occurrence of the following
subconfigurations (in any two columns and rows, and up to permutation of the rows and
columns) in a transposed incidence matrix:

22 12 11

22 22 22,

called A, B, and C, respectively. Clearly, A occurs in matrix (1) above; B in matrices
(3), (5), (6), (7), (8), and (9); and C in matrices (1), (2), (3), (4), (5), and (6). The three
parts of the search are as follows.

1. Subconfiguration A occurs.
2. Subconfiguration A does not occur. Subconfiguration C occurs.
3. Neither subconfigurationA nor subconfigurationC occurs. Hence subconfiguration

B occurs.

Henceforth, we refer to these as Cases 1–3. The exhaustive search in these three cases
starts from matrix (1); matrices (2)–(6); and matrices (7)–(9), respectively. In words,
for example, the first of these cases means that the decomposition would contain two
vertices that are connected by two nonedges in the copies of Km −e.
The heuristics for the exhaustive search will now be discussed.We aim at a description

that is so precise that all intermediate numerical results of the search can be verified.
We say that a column of a transposed partial incidence matrix is incomplete (resp.
complete) if the total number of 1s and 2s is smaller than (resp. equals) m, that is, 6 in
the running example.
For each of Cases 1–3, the first part of the search aims at completing one more

column. Numbering the columns starting from 1, column 2 is completed in Cases 1
and 2, and column m−1 is completed in Case 3; this completed column is called
column c. Completing such columns is done by adding one copy of Km−e at a time in
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all possible ways and carrying out isomorph rejection among all partial solutions; the
graph isomorphism tool nauty [18] is used for this purpose.
When finding candidates for a new copy of Km−ewhen completing a second column,

we employ a minimum branching heuristic: we find a column d distinct from c such
that cd is not an edge in the earlier copies and the number of candidate rows (branches
of the search tree) is minimized. Then for a candidate we require that

(a) the number of 1s in each row is m−2 and the number of 2s is two;
(b) the corresponding copy of Km−e contains the edge cd; and
(c) no edge of the candidate copy occurs in other copies of Km−e.

The candidate rows are constructed in lexicographic order, where 1
2
0.We reduce
the number of candidate rows by considering whether the partial matrix to which a new
row is being added has identical columns. For a contiguous block of identical columns,
we require that all nonzeros come before the zeros (but do not require that all 1s come
before all 2s). We also require that column d is different from its preceding column in
the partial matrix before the new row is added.
A row fulfilling requirements (a) and (c) is said to be compatible with the previous

rows. For each compatible row, the partial matrix with the new row is accepted if it (in
Cases 2 and 3) does not contain any of the forbidden subconfigurations and if it is not
isomorphic to any of the previously found partial matrices. Note that we did not take
these last two reductions into account when determining d in the minimum branching
heuristic.
In Table I we list the number of nonisomorphic solutions on levels 6≤n≤9 for Case 1

and on levels 6≤n≤10 for Cases 2 and 3. As an example, the unique object for Case 1
and level 9 is

11112200000000000000000000000

10000011122000000000000000000

10000000000111220000000000000

10000000000000001112200000000

22000000000000000000011110000

22000000000000000000000001111

01000010000220000001100000000

01000000011001002200000000000

01000002200000110010000000000.

(10)

The last entries in each of the three cases in Table I correspond to matrices with two
completed columns.
For finishing Cases 1–3 the search problem is formulated in the framework of the

exact cover problem. The exact cover problem asks, given a set U and a collection S
of subsets of U , whether U can be partitioned using sets from S, and one may further
want to find one or all such partitions.
To extend a partial matrix to a full incidence matrix, we let the set U contain exactly

those edges that do not occur in copies of Km −e in the partial solution. Moreover, for
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TABLE I. Number of partial solutions

n Case 1 Case 2 Case 3

6 1 5 3
7 7 211 26
8 2 3380 173
9 1 25716 386
10 6722 166

each compatible row (copy of Km−e), there is a set in the collection S containing the
edges of that copy of Km−e.
The completion of the search was implemented in two different ways by different

authors. In the first method, we first complete a third column, after which we attempt
to complete the rest of the matrix. Whenever a prescribed column is completed, we
only consider copies of Km−e and edges that contain that particular vertex (both for
U and S); note, however, that when completing a column in this way we might end
up with solutions where edge sets of copies of Km −e in the solution intersect or
where the requirement that each column of a transposed partial matrix contain at most
m−2=4 1s and two 2s is not fulfilled. Solutions obtained must therefore be tested for
these properties.
To solve the exact cover instances obtained in the above mentioned way, we used

the program libexact [14] written by Kaski and Pottonen and based on an algorithm
proposed by Knuth [15].
The matrix (10) has a rather large automorphism group and therefore consumes even

days of CPU-time, but since this is the unique matrix with these parameters, there is no
need to handle Case 1 in a more intelligent way. The third column to be completed in
this case is column 7.
Case 2 splits into two cases with matrices that have at most 2 nonzero entries in

incomplete columns (Case 2a) and matrices that have an incomplete column with 3
nonzero entries (Case 2b). In both Cases 2a and 2b, we pick the third column to be
completed as the leftmost incomplete column with the largest number of nonzero entries
(exception: in Case 2a, if there is no column with exactly two nonzero entries in the
first six columns, we pick column 22).
Also in Case 3 we pick the third column to be completed as the leftmost incomplete

column with the largest number of nonzero entries.
None of the partial incidence matrices with three completed columns could be

extended to a full incidence matrix. Far and away the most time-consuming part of the
whole search is the search for extensions of the 14-row matrices in Case 2b; this search
took about 2 weeks.
In the second method for finishing, we attempted to immediately extend the partial

matrices with two completed columns to a full incidencematrix.We formulated the exact
cover problem described above as a 0-1 integer program and then solved the program
using the solver CPLEX [7]. None of the integer programs were feasible, meaning that
none of the partial incidence matrices could be extended to a full incidence matrix. This
implementation took about 5 weeks to run. As in the other implementation, the majority
of the time was finishing Case 2; Cases 1 and 3 together took less than a day to run.
We have thus established the following result.
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Theorem 1. There exists no (K6−e)-decomposition of K29.

We shall next settle all instances of this problem with m<6.

4. CLASSIFICATION OF SMALLER INSTANCES

The main objective of this work is settling the open question whether K29 has a (K6−e)-
decomposition, but the programs developed can obviously also be used to find all
nonisomorphic (Km−e)-decompositions of Km2−m−1 for m<6 (clearly we must have
m>2). The results are summarized in Theorems 2 through 4. Since each of these graphs
has a �-labeling, there always exists a cyclic decomposition, listed in the theorem
statements in matrix form as the cyclic permutations of some row. Interestingly, for m∈
{4,5}, cyclic decompositions are the only decompositions that exist. Note that Lemma 1
does not hold for m=3.

Theorem 2. There are exactly two (K3−e)-decompositions of K5 : one is obtained
by taking all cyclic permutations of the row string 12200 and the other is

22220

10001

01202

00122

22010.

(11)

We remind the reader that whereas, for typographical reasons, our partial incidence
matrices are presented transposed (see Section 2), the complete incidence matrices in
Theorems 2–4 are not transposed.

Theorem 3. There are exactly two (K4−e)-decompositions of K11. They can be
obtained by taking all cyclic permutations of the row string 11200200000 and of
11020200000.

Theorem 4. There are exactly two (K5−e)-decompositions of K19. They can
be obtained by taking all cyclic permutations of 1100102000020000000 and of
1100200201000000000.

The cyclic decompositions (all decompositions in Theorems 2–4 except (11)) clearly
have the cyclic group of order m2−m−1 as automorphisms. In fact, the cyclic group
is the full automorphism group of the decompositions. In addition, all of the cyclic
decompositions have the property that their duals, obtained through a transposition of
incidence matrices, also correspond to decompositions. We have already seen in Lemma
1 that some necessary conditions for a transposition to have this property are fulfilled.
Moreover, each of the cyclic decompositions is self-dual: the dual is isomorphic to the
original decomposition. If (Km−e)-decompositions of Km2−m−1 do indeed exist for
m>5, then it would be interesting to know if it is always the case that their duals are
also (Km−e)-decompositions of Km2−m−1, and if the duals are necessarily isomorphic
to the original decompositions.
We finally note that the nonedges in all classified decompositions, but (11), form a

single cycle of length m2−m−1.
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5. CONNECTIONS TO OTHER OBJECTS

There are several types of other objects that are closely related to the decompositions
considered here. For example, the cyclic decompositions in Theorems 2–4 are in fact
cyclic difference covers [12, 21], which in turn are related to cyclic difference sets [13].
Namely, in the set S of positions with nonzero entries (starting the numbering from 0),
the differences between distinct elements take all m2−m−2 nonzero values modulo
m2−m−1 exactly once, except for the difference between the positions of the 2s, which
occurs twice.
Another type of related objects are covering designs. LetC(v,k, t) denote the smallest

number of k-element subsets, called blocks, out of a v-set of points, such that every
t-subset of points is contained in at least one block. If the 2s in an incidence matrix
of a (Km−e)-decomposition of Km2−m−1 are changed into 1s, we get an incidence
matrix of a covering design giving the upper bound C(m2−m−1,m,2)≤m2−m−1.
For example, it is currently known [10, Table 11.33] that 29≤C(29,6,2)≤30, so if a
(K6−e)-decomposition of K29 had existed, this would have determined the exact value
of C(29,6,2). Note, however, that this existence argument only goes in the direction
from decompositions to covering designs.
The definition of D(v,k, t) for so-called packing designs coincides with the definition

of C(v,k, t), except that for packing designs every t-subset may occur in at most one
block. Configurations [11] form a particular type of packing designs; the 0-1 incidence
matrix of a vr configuration has the properties that each row (resp. column) contains r 1s
and there are no two rows (resp. columns) whose sets of positions of 1s have an intersec-
tion of size greater than 1. Projective planes are (m2−m+1)m configurations and attain
C(m2−m+1,m,2)=D(m2−m+1,m,2)=m2−m+1. The interesting open problem
for configurations is what happens when r=m and v is slightly larger than m2−m+1;
we write v=m2−m+1+�, where � is called the deficiency.
Existence results for configurations with small parameters can be found in [11].

For r≥6, only two sporadic configurations with deficiency 2 are known. These have
parameters 457 and 13512 and are known as divisible or elliptic semiplanes [17].
We are not aware of any study of objects that are the covering counterpart to config-

urations, that is, objects with an 0-1 incidence matrix of size v×v, which has r 1s in
each row and column, and with the property that for any pair of distinct rows (resp.
columns), there is a column (resp. row) with 1s in these two positions. A study of such
objects with v=m2−m+1−� and r =m would be of separate interest, but it could
also be possible that one in such a study would find sporadic objects with �=2 that
could be transformed into (Km−e)-decompositions of Km2−m−1; comparing with what
is known in the packing case, one is tempted to search for sporadic examples rather
than infinite families.
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