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Abstract

A bisection of a graph is a balanced bipartite spanning subgraph. Bollobás and
Scott conjectured that every graphG has a bisectionH such that degH(v) ≥ bdegG(v)/2c
for all vertices v. We prove a degree sequence version of this conjecture: given a
graphic sequence π, we show that π has a realization G containing a bisection H where
degH(v) ≥ b(degG(v)− 1)/2c for all vertices v. This bound is very close to best possi-
ble. We use this result to provide evidence for a conjecture of Brualdi [2] and Busch et
al. [3], that if π and π− k are graphic sequences, then π has a realization containing k
edge-disjoint 1-factors. We show that if the minimum entry δ in π is at least n/2 + 2,

then π has a realization containing

⌊
δ−2+
√
n(2δ−n−4)
4

⌋
edge-disjoint 1-factors. We also

give a construction showing the limits of our approach in proving this conjecture.
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1 Introduction

A bisection of a graph is a balanced bipartite spanning subgraph. Bollobás and Scott [1]
conjectured that every graph has a bisection with vertices of large degree.

Conjecture 1 (Bollobás and Scott [1]). Every graph G has a bisection H such that
for every vertex v ∈ V (G),

degH(v) ≥ bdegG(v)c
2

.

∗Research partially supported by a Nebraska EPSCoR First Award and National Science Foundation
grant DMS-0914815.
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Previously, Häggkvist [8] made the same conjecture, but only for regular graphs.
Sun, Ni, and Chen [12] proved Häggkvist’s conjecture for regular graphs of degree 3 or
less.

We prove the following result, which can be seen as a degree sequence version of
the Bollobás–Scott Conjecture. This is also known as a “potential” version of the
conjecture; see Rao [11]. A sequence is graphic if it is the degree sequence for a finite
simple graph.

Theorem 2. Let π = (d1, d2, . . . , dn) be a graphic sequence, where n is even. Then
there exists a realization G of π with a bisection H where for all vertices v ∈ V (G),

degH(v) ≥
⌊

degG(v)− 1

2

⌋
.

The result is nearly tight; in Section 2, we show there are degree sequences such
that, for any realization G and any bisection H of G, there exists a vertex v such that
degH(v) ≤ bdegG(v)/2c.

In addition to providing support for the Bollobás–Scott Conjecture, Theorem 2 has
an application in generalizing Kundu’s k-factor Theorem.

Theorem 3 (Kundu [10]). The degree sequence π = (d1, . . . , dn) has a k-factor if and
only if both π and π − k = (d1 − k, . . . , dn − k) are graphic.

See [4] for a short and elegant proof of Kundu’s k-factor Theorem by Chen.
Brualdi [2] and independently Busch, Ferrara, Hartke, Jacobson, Kaul and West [3]

conjectured even more.

Conjecture 4 (Brualdi [2], Busch et al. [3]). Let π = (d1, . . . , dn) and π − k = (d1 −
k, . . . , dn−k) be graphic sequences, where n is even. Then π has a realization containing
k edge-disjoint 1-factors.

To support this conjecture, they prove several special cases, including when k ≤ 3,
and the following.

Theorem 5 (Busch et al. [3]). Let π = (d1, . . . , dn) be a graphic sequence, where n is
even. If the minimum entry δ in π is at least n/2, then there exists a realization of π
containing δ − n/2 + 1 edge-disjoint 1-factors.

In their paper, they present the result slightly differently, obtaining one more 1-
factor under the additional assumption that π − k is graphic, where k is the number
of edge-disjoint 1-factors.

Using Theorem 2 and a result by Csaba [5], we prove a result that is stronger than
Theorem 5 except for a few fringe cases, namely when δ = dn/2e , dn/2e+ 1 and when
δ ≥ n− 12.

Theorem 6. Let π = (d1, . . . , dn) be a graphic sequence, where n is even. If the
minimum entry δ in π is at least n/2+2, then there exists a realization of π containing⌊

δ − 2 +
√
n(2δ − n− 4)

4

⌋
edge-disjoint 1-factors.
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We prove Theorem 6 by finding a regular bisection, which is then easily decom-
posed into a disjoint union of 1-factors. However, this technique cannot fully prove
Conjecture 4. In Section 6, we show that there exists an infinite family of degree se-
quences where, in any realization, the degree of a regular bisection is no more than
three-quarters of the degree of the largest k-factor.

2 Sharpness of Theorem 2

We now show the result in Theorem 2 is nearly sharp. First we need a few prelimi-
naries. See [14] for standard graph theoretic terminology and definitions not otherwise
discussed here.

Definition 7. A sequence π = (d1, . . . , dn) of nonnegative integers is weakly decreasing
if d1 ≥ · · · ≥ dn. A degree sequence of a graph is a sequence consisting of the degrees
of the vertices. A sequence is graphic if it is the degree sequence of some graph. A
sequence is unigraphic if it is graphic and any two realizations are isomorphic. A vertex
of degree n− 1, which is adjacent to all other vertices, is called dominating.

Definition 8. A k-factor is a regular spanning subgraph of degree k. For example, a
1-factor is a perfect matching.

Definition 9. For a graph G, a partition of the vertices V (G) into disjoint sets L and
R is balanced if |L| = |R|. A bipartite graph is balanced if its partition is balanced. A
bisection is a balanced bipartite spanning subgraph of G.

Example 10. For n even and k < n/2, let π be the sequence

(n− 1, . . . , n− 1︸ ︷︷ ︸
k

, k, . . . , k︸ ︷︷ ︸
n−k

).

Let G be the join of a complete graph Kk on k vertices and an independent set In−k
on n− k vertices. Then G is a realization of π, and hence π is graphic. Furthermore,
G is unigraphic, since the vertices of degree n − 1 must be dominating, which forces
the vertices of degree k to be an independent set.

In addition, any bisection H of G satisfies degH(v) ≤ bdegG(v)/2c for some vertex
v. To see this, consider any partition of the vertices of G into two equal sets L and
R. One of L or R must contain at most half of the vertices in the complete graph
Kk. Without loss of generality, suppose L contains at most half. Then any vertex v in
In−k ∩R, which is nonempty, has degree k in G and degree at most bk/2c in H. Thus,
we have an example G where any bisection H satisfies degH(v) ≤ bdegG(v)/2c, and
therefore the bound degH(v) ≥ b(degG(v)− 1)/2c proven in Theorem 2 is one away
from the best possible value.

3 The Kleitman–Wang Theorem

Our main tool for proving Theorem 2 is a theorem of Kleitman and Wang. We first
need a concept they call “laying off”.
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Definition 11. [9] Given π = (d1, . . . , dn) with d1 ≥ · · · ≥ dn, laying off di means
creating a sequence π′ = (d′1, . . . , d

′
i−1, d

′
i+1, . . . , d

′
n) formed by removing di from the

list and subtracting 1 from the di remaining elements of lowest index.

With this definition, they prove

Theorem 12 (Kleitman–Wang [9]). For any i = 1, . . . , n, the sequence π = (d1, . . . , dn)
is graphic if and only if the sequence π′ obtained by laying off di is graphic.

The theorem can be used to inductively find a realization of a sequence π as follows:
Form the shorter sequence π′ by laying off di. Inductively form a realization G′ of π′ on
vertex set {v1, v2, . . . , vi−1, vi+1, . . . , vn}, where vertex vj has degree d′j . We can then
construct a realization G of π by adding in a new vertex vi to G′, where, for j such
that d′j = dj − 1, vi is adjacent vj .

A common difficulty in using this result is that after laying off di, the sequence π′

is not necessarily weakly decreasing. Thus, we modify the definition of laying off di
slightly.

Definition 13. Let π = (d1, . . . , dn) with d1 ≥ · · · ≥ dn and let i ∈ {1, . . . , n}. Let m
be the smallest value among the di largest elements in π, not including di itself. Let
S be the set of indices j, j 6= i, such that dj > m. Let T be the set of di − |S| largest
indices j, j 6= i, such that dj = m.

d1 · · · |m · · · m| · · · dn

S | | T |

Then laying off di with order means creating the sequence π′ = (d′1, . . . , d
′
i−1, d

′
i+1, . . . , d

′
n)

where

d′j =

{
dj − 1, if j ∈ S ∪ T ,
dj , otherwise.

Notice that if π is weakly decreasing, then the sequence formed by laying off di with
order is weakly decreasing. It is illuminating to see an example.

Example 14. Let π = (d1, d2, d3, d4, d5, d6) = (5, 3, 3, 3, 3, 1) and i = 5. If we lay off
di, we remove d5 and subtract one from d1, d2, d3 forming the sequence (4, 2, 2, 3, 1).
If we lay off di with order, we remove d5, and subtract one from d1, d3, d4, resulting
in the sequence (4, 3, 2, 2, 1).

The sequence formed by laying off di with order is a permutation of the sequence
formed by laying off di. Since the order does not affect whether a sequence is graphic,
the following slightly modified version of the Kleitman–Wang Theorem is true.

Theorem 15. For any i = 1, . . . , n, the sequence π = (d1, . . . , dn) is graphic if and
only if the sequence π′ obtained by laying off di with order is graphic.
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4 Proof of Theorem 2

We will first define the partition we will use in Theorem 2, which depends only on the
order of the given weakly-decreasing sequence.

Definition 16. Given a graph on vertex set {v1, . . . , vn}, n even, the parity bisection
is the bisection given by the partition L = {v1, v3, . . . , vn−1} and R = {v2, v4 . . . , vn}.
Later, we will consider a graph on vertex set {v1, . . . , vn−2, a, b}. In this case, we say
L = {v1, v3, . . . , vn−3}, R = {v2, v4, . . . , vn−2}, and the parity bisection is the bisection
given by L ∪ {a} and R ∪ {b}.

To simplify our discussion, we make a few other definitions about vertices and edges
in different parts of the partition.

Definition 17. An across-edge is an edge with one endpoint in L and one endpoint
in R. A same-side-edge is an edge with both endpoints in the same part. Given
a vertex v, an across-neighbor of v is a vertex adjacent to v via an across-edge. A
same-side-neighbor of v is a vertex adjacent to v via a same-side-edge.

Definition 18. Given any indexed set, we say two elements are consecutive if their
indices differ by one. Given a set of indexed vertices S, a run is a maximal subset of
S consisting of consecutive vertices.

We will prove the result inductively on the length of the sequence π, using a
strengthened inductive hypothesis. Specifically, we will prove

Theorem 19. Let π = (d1, . . . , dn) be a weakly decreasing graphic sequence, where n
is even, and let i be an index such that the value di appears at least twice in π. Then
there exists a realization G of π with vertex set {v1, . . . , vn} where degG(vj) = dj for
all j, such that the parity bisection H satisfies degH(vi) ≥ bdi/2c and degH(vj) ≥
b(dj − 1)/2c for all j 6= i.

For the index i in Theorem 19, di is one of a pair of consecutive equal numbers in
π. Let i1 be the index of the odd-indexed element of the pair, and let i2 be the index
of the even-indexed element.

We first give an overview of the proof of Theorem 19. We first form π′ = (d′1, . . . , d
′
n)

from π by laying off di1 with order, and next form π′′ = (d′′1, . . . , d
′′
n) from π′ by laying

off d′i2 with order. We also choose an appropriate index ` to be used as i when applying
the induction. By induction, there is a graph G1 that realizes π′′, with H1 its parity
bisection. We add new vertices a and b to G1, with degrees di1 and di2 respectively,
forming a new graph G2 and new bisection H2.

In G1, every vertex has roughly half of its edges in H1. To maintain this property
when forming G2 and H2, we need every vertex that gains an edge to gain both one
same-side edge and one across-edge, or gain just one across-edge. However, there may
be some “bad” vertices that receive a same-side-edge only. We fix all but perhaps
one of the bad vertices using two-switches to create the graph G with bisection H.
Furthermore, we can choose the bad vertex to correspond to the index ` that we chose
before, and hence it will have an extra edge in H by induction. G and H then satisfy
the requirements of Theorem 19.
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Proof of Theorem 19. The base case is that π is empty or contains all zeros. In that
case, the conclusion follows trivially.

We form π′ from π by first laying off di1 with order. We then form π′′ from π′

by laying off d′i2 with order. We will need to refer to π, π′, and π′′ with consistent,
consecutive labeling. Therefore, let ρ = (f1, . . . , fn−2) be the sequence π with di1 and
di2 removed, and re-indexed so that the indices are consecutive (and hence do not skip
over i1 and i2). Let ρ′ = (f ′1, . . . , f

′
n−2) be π′ with d′i2 removed, and re-indexed. Finally,

let ρ′′ = (f ′′1 , . . . , f
′′
n−2) be π′′ re-indexed.

Let O be the set of all odd indices j where f ′′j = fj − 1, and E the set of all even
indices j such that f ′′j = fj − 1. If |E| > |O|, choose an index ` ∈ E such that the
value f` is repeated somewhere in ρ′′. If |O| > |E|, choose an index ` ∈ O such that
the value f` is repeated somewhere in ρ′′. In both cases |O| > |E| and |E| > |O|, the
existence of a repeated value will follow from Claim 25, which will be proven later.
Finally, if neither of the previous two cases apply, choose ` to be any index such that
f` is repeated somewhere in ρ′′, which can be done since any graphic sequence has a
repeated value. We are now ready to apply induction.

Stage 1 (Forming G1). Apply Theorem 19 inductively to construct a realization G1

on vertex set {v1, . . . , vn−2}, where vertex vj has degree f ′′j . In the parity bisection H1

of G1, degH1
(v`) ≥

⌊
degG1

(v`)/2
⌋

and degH1
(vj) ≥

⌊
(degG1

(vj)− 1)/2
⌋

for j 6= `.

Stage 2 (Forming G2). Let G2 be the graph formed by adding vertices a, b to G1, such
that

• a is adjacent to every vj such that f ′j = fj − 1,

• b is adjacent to every vj such that f ′′j = f ′j − 1,

• and a is adjacent to b if d′i2 = di2 − 1.

Thus a has degree di1 and b has degree di2. Let H2 be the parity bisection of G2.

We consider various sets of vertices.

Definition 20. Let A be the neighborhood of a in G2, not including b, and let A∗ ⊆ A
be those neighbors not adjacent to b. Similarly, let B be the set of vertices attached to b
not including a, and let B∗ ⊆ B be those neighbors not adjacent to a. Let AL = A∩L,
AR = A ∩R, A∗L = A∗ ∩ L, A∗R = A∗ ∩R, and similarly define BL, BR, B∗L, and B∗R.

Definition 21. Recall that a run is a maximal subset of consecutively labeled vertices.
Vertices in A correspond to elements of π indexed by S and T from Definition 13, and
the same is true for B. Thus, A and B each contain at most two runs. If A consists
of two runs, let A1 be the first run and A2 be the second run. If A consists of one run
that contains v1, then let A1 be this run and let A2 be empty. If A consists of one run
that does not contain v1, then let A2 be this run and let A1 be empty. Similarly define
B1 and B2.

Notice that if A1 is nonempty, it contains v1. The same is true for B1. Additionally
notice that in the degree sequences ρ and ρ′, the degrees corresponding to vertices in
A2 form constant sequences. In ρ′ and ρ′′, the degrees corresponding to vertices in B2

also form constant sequences.
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Figure 1: Sets of vertices important to the proof

Claim 22. For 1 ≤ s ≤ t ≤ n− 2, let Z = {vs, vs+1, . . . , vt}.
(i) If Z is a run in A, then B does not contain {vs−1, vs, . . . , vt, vt+1}.

(ii) Similarly, if Z is a run in B, then A does not contain {vs−1, vs, . . . , vt, vt+1}.

Proof. Proof of (i): The run Z is either A1 or A2. If Z = A1, then vs = v1 and hence B
cannot contain vs−1. Therefore, assume Z = A2. Notice f ′s−1 is at least one more than
f ′s, since we subtracted one from fs when laying off di with order. If {vs−1, . . . , vt+1}
is contained in B, then they must be in run B1, since B2 cannot contain vertices of
two distinct degrees in ρ′. B1 then contains all of A2, and since B1 starts on v1 it
must contain all of A1 as well. B then contains every vertex of A plus vs−1 and vt+1,
contradicting that A and B are the same size.

Proof of (ii): Similarly, we see Z must be the run B2. Notice that f ′t+1 must be
less than f ′t , or otherwise the run B2 would contain vertices with higher index than vt.
If {vs−1, . . . , vt+1} is contained in A, it must be contained in run A1, since A2 cannot
contain vertices of two distinct ρ′ degrees. Therefore A contains every vertex of B plus
vs−1 and vt+1, contradicting that A and B are the same size. � (Claim 22)

Claim 23. Either A∗ consists of at most one run and B∗ consists of at most two runs,
or B∗ consists of at most one run and A∗ consists of at most two runs.

Proof. By Claim 22, a run in A contains at most one run of A∗, and a run in B
contains at most one run of B∗. Thus, A∗ has at most two runs (corresponding to the
two runs in A), and B∗ has at most two runs (corresponding to the two runs in B). If
|A1| ≥ |B1|, then B∗ contains no elements of B1 and hence B∗ has at most one run.
Similarly, if |A1| ≤ |B1|, A∗ must have at most one run. � (Claim 23)

For a vertex u ∈ A ∪ B, we say u is good if it is adjacent to both a and b, or
if it is adjacent to exactly one of a or b via an across-edge. We say u is bad if it is
adjacent to exactly one of a and b with a same-side-edge. The problem with a bad
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vertex c is that it does not maintain the rate of half of its edges going across. That
is, if degH1

(c) ≥
⌊
(degG1

(c)− 1)/2
⌋
, when we add vertices a and b to form G2 and

H2, it is not necessarily true that degH2
(c) ≥

⌊
(degG2

(c)− 1)/2
⌋
. Later in Stage 3, we

will eliminate bad vertices via two-switches, and we will be able to eliminate all but∣∣|A∗L| − |B∗R|∣∣ bad vertices. Hence, it is important to bound this difference.

Claim 24.
∣∣|A∗L| − |B∗R|∣∣ is at most one.

Proof. Since a and b have the same degree, we know |A∗L| + |A∗R| = |B∗L| + |B∗R|. Let
this common sum be t. Given a run Z, |Z ∩L| and |Z ∩R| differ by at most one. From
Claim 23, either A∗ has at most one run or B∗ has at most one run, and the other has
at most two runs.

Case 1: A∗ has at most one run and B∗ has at most two runs. Then |A∗R| and |A∗L|
differ by at most one and |B∗R| and |B∗L| differ by at most two.

Subcase (i): Assume |A∗L| and |A∗R| differ by one. Then one of |A∗L| and |A∗R| is
(t + 1)/2, and the other is (t − 1)/2. Since |A∗L| + |A∗R| is odd, that means |B∗R| and
|B∗L| differ by one, and hence one is (t+ 1)/2 and the other is (t−1)/2. Therefore |A∗L|
and |B∗R| differ by at most one.

Subcase (ii): Assume |A∗L| = |A∗R|. Then |A∗L| = |A∗R| = t/2. |B∗L| and |B∗R| may
differ by at most two, and hence |B∗R| is at least t/2−1 and at most t/2 + 1. Therefore
|A∗L| and |B∗R| differ by at most one.

Case 2: A∗ has at most two runs and B∗ has one run. Then |A∗R| and |A∗L| differ
by at most two and |B∗R| and |B∗L| differ by at most one.

Subcase (i): Assume |B∗L| and |B∗R| differ by one. Then one of |B∗L| and |B∗R| is
(t + 1)/2, and the other is (t − 1)/2. Since |B∗L| + |B∗R| is odd, that means |A∗R| and
|A∗L| differ by one, and hence one is (t+ 1)/2 and the other is (t−1)/2. Therefore |A∗L|
and |B∗R| differ by at most one.

Subcase (ii): Assume |B∗L| = |B∗R|. Then |B∗L| = |B∗R| = t/2. |A∗L| and |A∗R| may
differ by at most two, and hence |A∗R| is at least t/2−1 and at most t/2 + 1. Therefore
|A∗L| and |B∗R| differ by at most one. � (Claim 24)

Let L∗ = A∗L ∪B∗L and let R∗ = A∗R ∪B∗R. If there is a bad vertex after performing
two-switches, we could have performed two-switches so that the bad vertex is any
vertex in L∗. Similarly, if the bad vertex is in R∗, we can perform two-switches so that
it can be any vertex in R∗. Eventually we will want the bad vertex to be one of a pair
that are the same degree. The purpose of the next claim is to show that if there is a
bad vertex, we will be able to choose the bad vertex so it has the same degree as some
other vertex.

Claim 25. If |L∗| > |R∗|, then there exists a vertex in L∗ with the same degree as
another vertex in G2. Similarly, if |R∗| > |L∗|, then there exists a vertex in R∗ with
the same degree as another vertex in G2.

Proof. Case 1: |L∗| > |R∗|. First we claim that L∗ has at least one vertex adjacent to
a and one adjacent to b. That is, A∗L and B∗L are both nonempty. Since |L∗| > |R∗|,
either |A∗L| > |B∗R| or |B∗L| > |A∗R|. Since |A∗L|+ |A∗R| = |B∗L|+ |B∗R|, we get in fact that
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both |A∗L| > |B∗R| and |B∗L| > |A∗R|. In particular, both A∗L and B∗L are nonempty. Let
vj1 ∈ A∗L and let vj2 ∈ B∗L.

If there are two vertices in L∗ of the same degree, then we are done. Even if there
are two vertices in L∗ whose degrees differ by one, there is a vertex in R with degree
equal to one of these two, so again we are done. Therefore, we may assume the degrees
of vj1 and vj2 differ by at least two. That is, either fj2 ≥ fj1 + 2 or fj1 ≥ fj2 + 2.

Subcase (i): fj2 ≥ fj1 + 2. Since a is adjacent to vj1 and not vj2 , when laying off
di1 with order, we subtracted one from fj1 but not from fj2 . However, that contradicts
the definition of laying off, since fj2 > fj1 .

Subcase (ii): fj1 ≥ fj2 + 2. Since a is adjacent to vj1 and not vj2 , when laying off
di1 with order we subtracted one from fj1 to form f ′j1 , and did not change fj2 when
forming f ′j2 . However, it is still the case that f ′j1 > f ′j2 . Since b is adjacent to vj2 and
not vj1 , we subtracted one from f ′j2 and not f ′j1 . Again, this contradicts the definition
of laying off, since f ′j1 > f ′j2 .

In either case, we have a contradiction. Therefore, our assumption that L∗ con-
tained vertices that only differed in degree by at least two was incorrect, so it must
contain a vertex the same degree as another vertex in G2.

Case 2: |R∗| > |L∗|. This follows a symmetric argument. First we claim that R∗

has at least one vertex adjacent to a and one adjacent to b. That is, A∗R and B∗R
are both nonempty. Since |R∗| > |L∗|, either |A∗R| > |B∗L| or |B∗R| > |A∗L|. Since
|A∗L| + |A∗R| = |B∗L| + |B∗R|, we get in fact that both |A∗R| > |B∗L| and |B∗R| > |A∗L|. In
particular, both A∗R and B∗R are nonempty. Let vj1 ∈ A∗R and let vj2 ∈ B∗R.

Consider the degrees of vertices in R∗. If there are two vertices of the same degree,
then we are done. Even if there are two vertices that differ by one, we know that there
is a vertex in L equal to one of these two, so again we are done. Therefore we may
assume the degrees of vj1 and vj2 differ by at least two. That is, either fj2 ≥ fj1 + 2 or
fj1 ≥ fj2 + 2.

Subcase (i): fj2 ≥ fj1 + 2. Since a is adjacent to vj1 and not vj2 , when laying off
di1 with order, we subtracted one from fj1 but not from fj2 . However, that contradicts
the definition of laying off, since fj2 > fj1 .

Subcase (ii): fj1 ≥ fj2 + 2. Since a is adjacent to vj1 and not vj2 , when laying off
di1 with order we subtracted one from fj1 to form f ′j1 , and did not change fj2 when
forming f ′j2 . However, it is still the case that f ′j1 > f ′j2 . Since b is adjacent to vj2 and
not vj1 , we subtracted one from f ′j2 and not f ′j1 . Again, this contradicts the definition
of laying off, since f ′j1 > f ′j2 .

In either case, we have a contradiction. Therefore, our assumption that R∗ con-
tained vertices that only differed in degree by at least two was incorrect, so it must
contain a vertex the same degree as another vertex in G2. � (Claim 25)

We will now perform two-switches to eliminate bad vertices.

Stage 3 (Forming G3). As long as there is a bad vertex u ∈ L and a bad vertex v ∈ R,
we can perform a two-switch by replacing the edges au and bv with av and bu. Then u
and v are no longer bad vertices. Let G3 be formed from G2 by removing as many bad
vertices as possible.
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By Claim 24, there is at most one bad vertex c in G3. We may need one additional
two-switch to ensure this remaining bad vertex is the vertex v` we choose in the begin-
ning. Notice that O is the set of indices of vertices in L∗ and E is the set of indices of
vertices in R∗.

Stage 4 (Forming G). If there are no bad vertices left, let G = G3. Otherwise, assume
there is one bad vertex c in G3. Without loss of generality, assume c is in L∗. Hence
|L∗| > |R∗|, and by Claim 25, there is a vertex in L∗ whose degree is duplicated. Thus,
when we chose `, we chose it from O. If v` = c, let G = G3. Otherwise, form G from
G3 by replacing edges ac and bv` with av` and bc. Now v` is the bad vertex as desired.

To agree with the indexing of Theorem 19, reindex the vertices of G so that the
vertex set {v1, . . . , vn−2} ∪ {a, b} becomes {v1, . . . , vn} with a = vi1 and b = vi2. Let H
be the parity bisection.

Next we verify a and b have enough edges in the bisection H.

Claim 26. We have degH(a) ≥ bdegG(a)/2c and degH(b) ≥ bdegG(b)/2c.

Proof. Case 1: Proving degH(b) ≥ bdegG(b)/2c. Recall that B occurs in runs B1 and
B2. Notice that the first vertex in B1 is an across-neighbor for b, since v1 is in L.
Hence, of the vertices in B1, at least d|B1|/2e are across-neighbors for b. For B2, b has
at least b|B2|/2c across-neighbors. Thus, b has at least b|B|/2c across-neighbors, since
d|B1|/2e+ b|B2|/2c ≥ b|B|/2c whenever |B1|+ |B2| = |B|.

Case 2: Proving degH(a) ≥ bdegG(a)/2c. Recall that A occurs in two runs, A1

and A2. This case is not as easy as Case 1, since the first vertex in A1 is not an
across-neighbor. Thus, a might have only b|A1|/2c across-neighbors in A1 and b|A2|/2c
across-neighbors in A2, accounting for b|A1|/2c + b|A2|/2c ≥ b|A|/2c − 1 edges going
across. However, if a two-switch was performed when forming G3, a gained an across-
neighbor and has at least b|A|/2c across-neighbors. We proceed to show that if there
are only b|A|/2c − 1 across-neighbors for a in G2, then there must be a two-switch
performed in Stage 3.

Assume a has only b|A|/2c−1 across-neighbors. Then runs A1 and A2 each have an
odd number of vertices, and there is one more same-side-neighbor than across-neighbor
inside each of A1 and A2. Since A1 and A2 are both nonempty and runs are maximal,
there is at least one vertex whose index lies between the indices of vertices in A1 and
the indices of vertices in A2. We call vertices in this range the gap between A1 and A2.

If no two-switches are performed in Stage 3, then either A∗L is empty or B∗R is empty.
We handle these two cases separately.

Subcase (i): A∗L is empty. The lowest and highest indexed vertices of A2 are in AL,
and since AL ⊆ BL, b is adjacent in G2 to the lowest and highest indexed vertices of
A2. Since the vertices in A2 all have the same degree in ρ′, b must be adjacent to all
of A2. In addition, b is adjacent to all vertices with strictly higher ρ′ degree, which
includes all of A1 and the gap. Thus, b has larger degree in G2 than a, a contradiction.

Subcase (ii): B∗R is empty. Since |A| = |B| and A2 is nonempty, B cannot be
completely contained in A1. Let v be an element of B \ A1. Let u be the highest
indexed vertex in the gap, and notice u ∈ R.
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Subsubcase (a): Suppose v ∈ A2, or has index higher than any vertex in A2. Since
u has strictly higher degree in ρ′ than v, b must also be adjacent to u. However, this
is a vertex in BR but not AR, contradicting the supposition B∗R is empty.

Subsubcase (b): Suppose v falls in the gap. Each of the vertices in the gap has the
same ρ′ degree. Therefore, if b is adjacent to any vertex in the gap, it is adjacent to
the vertex of highest index, which is u. Again, this is a vertex in BR but not AR,
contradicting the supposition B∗R is empty. � (Claim 26)

Having shown a and b have the desired degree in the bisection, we show that most
of the other vertices have the desired degree.

Claim 27. For j 6= `, i1, i2,

degH(vj) ≥
⌊
dj − 1

2

⌋
.

Proof. We have by the induction in Stage 1 that degH1
(vj) ≥

⌊
(d′′j − 1)/2

⌋
. If dj = d′′j ,

then we immediately have degH(vj) ≥ b(dj − 1)/2c, as desired. If d′′j = dj − 1, since vj
is not a bad vertex, this extra edge must be an across-edge, and hence

degH(vj) ≥
⌊
dj − 2

2

⌋
+ 1 ≥

⌊
dj − 1

2

⌋
.

If d′′j = dj − 2, then at least one of the edges to a or b is an across-edge, and hence

degH(vj) ≥
⌊
dj − 3

2

⌋
+ 1 ≥

⌊
dj − 1

2

⌋
.

Therefore, vj has the required degree in H. � (Claim 27)

Finally, we show the bad vertex v` has the desired degree.

Claim 28.

degH(v`) ≥
⌊
d` − 1

2

⌋
.

Proof. By the induction in Stage 1, degH1
(v`) ≥ bd′′`/2c. If v` is not a bad vertex in G,

then the analysis of Claim 27 applies and v` will satisfy degH(v`) ≥ b(d` − 1)/2c. If v`
is a bad vertex, then d′′` = d` − 1. Therefore, degH(v`) ≥ b(d` − 1)/2c as desired.

� (Claim 28)

By Claims 26, 27, and 28, every vertex in G has the H-degree required by Theo-
rem 19. This proves Theorem 19 and thus Theorem 2.

We conjecture that the lower bound from Theorem 2 can be improved to the value
given by Example 10.

Conjecture 29. Let π = (d1, d2, . . . , dn) be a graphic sequence, where n is even. Then
there exists a realization G of π with a bisection H where for all vertices v ∈ V (G), we
have

degH(v) ≥
⌊

degG(v)

2

⌋
.
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5 Application to Conjecture 4

Definition 30. Let n be even. Let the Kundu number K(π) of a graphic sequence π of
length n be the largest k such that π has a realization with a k-factor. Equivalently by
Kundu’s Theorem, this is the largest k such that π−k is graphic. Let the bipartite factor
number B(π) of a graphic sequence π be the largest k such that π has a realization G
with a bipartite k-factor.

Using Theorem 2, we will show every graphic degree sequence π with large minimum
value δ has a large value for B(π). We use the following result of Csaba.

Theorem 31 (Csaba [5]). Let G be a simple balanced bipartite graph on n vertices for
n even with minimum degree δ at least n/4, and let

α =
2δ +

√
n(4δ − n)

4
.

Then G has an bαc-regular spanning subgraph.

This gives us the following theorem.

Theorem 32. Let π be a graphic sequence with minimum value δ at least n/2 + 2.

Then B(π) ≥
⌊
δ−2+
√
n(2δ−n−4)
4

⌋
.

Proof. By Theorem 2, there exists a realization G of π with a bisection H of minimum
degree at least

⌊
δ−1
2

⌋
≥ δ/2− 1. Since δ ≥ n/2 + 2, we have the minimum degree of H

is at least
δ

2
− 1 ≥ n/2 + 2

2
− 1 ≥ n/4.

Applying Csaba’s Theorem to H, we obtain a regular bipartite graph of minimum
degree at least⌊

2(δ/2− 1) +
√
n(4(δ/2− 1)− n)

4

⌋
=

⌊
δ − 2 +

√
n(2δ − n− 4)

4

⌋
.

Using the following classical theorem, we are able to split the bipartite factor from
Theorem 32 into 1-factors.

Theorem 33 (Marriage Theorem, see [14]). Every r-regular bipartite graph decomposes
into r edge-disjoint 1-factors.

Theorem 6 then follows from Theorem 32 and the Marriage Theorem.
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6 Bipartite Number versus Kundu Number

For proving Conjecture 4, it is sufficient to find a bipartite factor, since the Marriage
Theorem allows us to split that factor into 1-factors. How large of a bipartite factor
can we find among all realizations of a degree sequence of length n? First note that
B(π) ≤ n/2 since B(π) is the degree of a regular bipartite graph, while K(π) can be
as high as n− 1. However, restricting K(π) to at most n/2 we arrive at the question

Open Question 34. What is the largest γ such that, for all graphic sequences π of
even length n with K(π) ≤ n/2, we have B(π) ≥ γK(π)?

The following example shows that γ ≤ 3/4.

Example 35. Let p be an even positive integer and set n = p(p+ 2). Let π = π(p) be
the sequence

(n− 1, . . . , n− 1︸ ︷︷ ︸
p

, n− p, . . . , n− p︸ ︷︷ ︸
p2

, 2p, . . . , 2p︸ ︷︷ ︸
p

).

We will show

Theorem 36. Given the sequence π in Example 35, K(π) = 2p and B(π) = 3
2p. Thus,

B(π) = 3
4K(π).

However, π does have a realization with K(π) edge-disjoint 1-factors, and hence
satisfies Conjecture 4.

We will prove Theorem 36 as a series of propositions.

Proposition 37. π is unigraphic.

Proof. We exhibit a concrete realization G on the vertex set V = {v1, . . . , vn}. Let A
be the first p vertices of V , which will have degree n− 1; let B be the next p2 vertices
of V , which will have degree n − p; let C the last p vertices of V , which will have
degree 2p. Form G by placing a complete graph on A∪B, and then placing a complete
bipartite graph between A and C. Partition B into p equal sets {Bc}c∈C , and attach
c ∈ C to all of Bc. See Figure 2.

We now verify that the degree sequence of G is π. Since the vertices in A are
dominating, they have degree n − 1. Every vertex in B has p neighbors in A, p2 − 1
neighbors in B, and 1 neighbor in C. Thus, every vertex in B has degree p2 +p = n−p
as desired. Finally, every vertex in C has p neighbors in A, and 1

pp
2 = p neighbors in

B, and this totals 2p.
Finally, note that G is, up to isomorphism, the only realization of π. The vertices

in A must be dominating, so they are adjacent to all other vertices and themselves.
In G − A, the p2 vertices in B have degree p2 and the p vertices in C have degree
p. The graph B ∪ C must therefore be a split graph, with B a complete graph and
C an independent set. In the graph G − A with the complete graph on B removed,
the vertices in B each have degree one. Therefore, the vertices in C have disjoint
neighborhoods in B that partition B. Thus, up to isomorphism, we arrive at the
realization we described before.
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. .

Figure 2: The realization of the degree sequence π from Example 35. A ∪ B is a complete
graph, and there is a complete bipartite graph between A and C. Every vertex c ∈ C is
adjacent to every vertex in its corresponding Bc.

Proposition 38. K(π) = 2p.

Proof. First note that K(π) ≤ 2p, since the minimum degree of π is 2p. Thus, we show
that K(π) ≥ 2p. Using Kundu’s Theorem, we need only check that π − 2p is graphic.
In π − 2p, the last p entries are all zero. The n− p nonzero entries are

(p2 − 1, . . . , p2 − 1︸ ︷︷ ︸
p

, p2 − p, . . . , p2 − p︸ ︷︷ ︸
p2

).

To check whether this is graphic, we will use the Erdős–Gallai criterion [7]. Eggleton [6]
and later Tripathi and Vijay [13] showed that the Erdős–Gallai Criterion only needs to
be checked at the end of runs of degrees with the same value. Thus, for our sequence,
we only need to check one of the inequalities. We need to verify that

p∑
i=1

di ≤ p(p− 1) +
n∑
p+1

min{di, p}.

First note that di ≥ p, since p2 − p ≥ p as long as p ≥ 2. Therefore, we just need to
check that

p∑
i=1

di ≤ p(p− 1) +

n∑
p+1

p,

p(p2 − 1) ≤ p(p− 1) + p2(p),

p3 − p ≤ p3 + p2 − p,

which is clearly true.

Proposition 39. B(π) = 3
2p.
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Proof. First we will show that B(π) ≤ 3
2p. Let X, Y be the partition of G induced by

a bipartite s-factor. We will show s ≤ 3
2p in two cases.

Case 1: C has vertices in both X and Y . One of |A ∩ X| and |A ∩ Y | is at most
p/2 since |A| = p. Without loss of generality, assume |A ∩ Y | ≤ p/2. Any vertex in
C ∩X has at most p/2 neighbors in A ∩ Y , p neighbors in B, and no neighbors in C.
Therefore it has at most 3

2p neighbors in Y .
Case 2: C is completely contained in X or Y . Without loss of generality, assume

C ⊆ X. For any c ∈ C, c has |A ∩ Y | + |Bc ∩ Y | neighbors in Y . Since the Bc are
disjoint, for some c′ ∈ C, we have |Bc′ ∩ Y | ≤ |B ∩ Y |/p. If q is |A ∩ Y |, then c′ has at
most

|A ∩ Y |+ |Bc′ ∩ Y | ≤ |A ∩ Y |+ |B ∩ Y |/p ≤ q +
n/2− q

p

neighbors in Y . This is maximized when q is as big as possible, which is |A| = p.
Therefore, c′ has at most

q +
n/2− q

p
≤ p+

(p2 + 2p)/2− p
p

=
3

2
p

neighbors in Y . This shows B(π) ≤ 3
2p.

To show that B(π) ≥ 3
2p, we can use a construction very much like Case 1 above.

Partition A into two equal pieces A1 and A2, and partition C into two equal pieces C1

and C2. Let B1 =
⋃
c∈C2

Bc and B2 =
⋃
c∈C1

Bc. Let H be the graph on vertex set
A ∪B ∪ C consisting of

• all edges from C1 to B2 and A2,

• all edges from C2 to B1 and A1,

• all edges between A1 and A2,

• given a bijection σ1 : A1 → C1, edges from a ∈ A1 to Bσ1(a),

• given a bijection σ2 : A2 → C2, edges from a ∈ A2 to Bσ2(a),

• a
(
3
2p− 2

)
-regular bipartite subgraph between B1 and B2.

Note that we can find the required
(
3
2p− 2

)
-regular bipartite subgraph between B1

and B2 since |B1| = |B2|, and we have a complete bipartite graph between B1 and B2

to choose from.
We claim H is a 3

2p-regular bipartite graph with partition X = A1 ∪ B1 ∪ C1 and
Y = A2 ∪ B2 ∪ C2. We check that every vertex in X has degree 3

2p, and the vertices
in Y will have the same degree by symmetry. The vertices in C1 have p/2 edges to A2

and p edges to B2, and therefore vertices in C1 have degree 3
2p. Vertices in A1 have

p/2 edges to C2 and p edges to B, and therefore have degree 3
2p. Finally, the vertices

in B1 have one edge to A2, one edge to C2, and 3
2p− 2 edges to B2. This again totals

3
2p.
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loq. Internat. CNRS, Univ. Orsay, Orsay, 1976), volume 260 of Colloq. Internat.
CNRS, pages 437–443. CNRS, Paris, 1978.

[3] Arthur H. Busch, Michael J. Ferrara, Stephen G. Hartke, Michael S. Jacobson,
Hemanshu Kaul, and Douglas B. West. Packing graphic n-tuples. In press, 2011.

[4] Yong Chuan Chen. A short proof of Kundu’s k-factor theorem. Discrete Math.,
71(2):177–179, 1988.
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