
Math 958 Fall 2008 Homework from Presentations

5. Raghunath Tewari: Every planar triangulation with minimum degree 5 contains one of the fol-

lowing configurations: two adjacent vertices of degree 5, or a vertex of degree 5 adjacent to a

vertex of degree 6.

6. Katie Morrison: Let G be a graph with maximum degree ∆ and with a set of lists L. Each color

c ∈ L(v) has a weight wv(c) such that Pc∈L(v) wv(c) = 1. Prove that if for every edge e = xy we

have that Pc∈L(x)∩L(y) wx(c)wy(c) ≤ 1
10∆

, then G has a proper L-coloring. (Hint: Use the weight

wv(c) to construct the probability space instead of coloring each vertex v uniformly at random

from L(v).)

7. Derek Boekner: In this question we’ll prove a threshold bound on the clique number of a graph.

Definition 1. r(n) is a threshold function for a graph theoretic property A if

(a) When p(n)≪ r(n), Pr[Gn,p(x) has property A]→ 0.

(b) When p(n)≫ r(n), Pr[Gn,p(n) has property A]→ 1.

(or with the ≪,≫ inverted). Here ≪ means grows asymptotically slower and ≫ means grows

asymptotically faster. E.g., n−1 ≪ n−.9.

For this problem recall Corollary 3: Suppose that the probability space is symmetric, in the sense

that for every i, j, there exists an automorphism of the space that sends Ai to A j . For a fixed i,

set

∆
∗
= Q

A j 6=Ai

A j ,Ai dep

Pr �A j |Ai� .
If E[X]→∞ and ∆

∗
= o(E[X]), then X > 0 almost always and X ∼ E[X] almost always.

(a) Define a random variable X to be the number of 4 cliques in Gn,p.

(b) Prove E[X] = �n
4
�p6 ∼ n4p6

24 . (∼ is read “is asymptotic to”).

(c) Prove for p(n)≫ n−2/3 we have ∆∗ = o(E[X]).

(d) Conclude using Markov’s Inequality and Corollary 3 that r(n) = n−2/3 is a threshold func-

tion for the property ω(G) ≥ 4.

8. Chantelle Bicket: Grötzsch’s Theorem states that a triangle-free planar graph G is 3-colorable.

Hence α(G) ≥ n(G)/3. Tovey-Steinberg prove that α(G) ≥ n(G)/3 always. Prove that this

is best possible by consider the family of graphs Gk defined as follows: G1 is the 5-cycle, with

vertices a, x0, x1, y1, z1 in order. For k > 1, Gk is obtained from Gk−1 by adding the three vertices

xk, yk, zk and the five edges xk−1xk, xkyk, ykzk, zkyk−1, zkxk−2. (Hint: In an induction on k, prove

the statement that every maximum independent set in Gk contains xk or yk or {zk, xk−1}.)

9. Andrew Ray: For any tree T, show that χol(T) = χFF(T). (Hint: Use Tk.)

10. Brian Kell:

(a) Prove that the sum of the coefficients of PG(λ) is 0 unless G has no edges.

(b) Prove or disprove: If G and H are two graphs with the same chromatic polynomial, then

their complements G and H have the same chromatic polynomial.
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