
June 14, 2011 Exploring Neutral Geometry Worksheet GFGTs

Saccheri-Legendre Theorem If4ABC is any triangle, then the angle sum S(4ABC) ≤ 180◦.

It is interesting that we can prove this theorem in Neutral Geometry without any assumption

of a parallel postulate, but the road to get there has a few stops along the way. We will assume

without proof the following, though each could easily be proved in Neutral Geometry:

Linear Pair Theorem If two angle form a linear pair, then the sum of their measures is 180◦.

Vertical Angles Theorem Vertical Angles are congruent.

Crossbar Theorem If 4ABC is a triangle and D is a point in the interior of ∠BAC, then

there is a point G such that G lies on both
−−→
AD and BC.

1. The first theorem we need is the Exterior Angle Theorem, which states the Following:

Exterior Angle Theorem: The measure of an exterior angle for a triangle is strictly greater

than the measure of either remote interior angle.

In the following outline, fill in the gaps in the proof and use the diagram below for reference.

Let 4ABC be a triangle and let D be a point such that
−−→
CD is opposite to

−−→
CB. We will prove

that m∠DCA > m∠BAC, and the other case can be done similarly.
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For each sentence below, state which postulate or theorem we are using in the proof:

(a) Let E be the midpoint of AC and choose F to be the point on
−−→
BE such that BE ∼= EF .

(b) Notice that ∠BEA ∼= ∠FEC.

(c) Hence 4BEA ∼= 4FEC.

(d) Therefore ∠FCA ∼= ∠BAC.

(e) Finish that proof by Arguing that F must be on the right side of AC and the above line

BC and thus in the interior of ∠ACD and explain why that concludes the proof.

(f) Is the Exterior Angle Theorem true on the sphere? Why or why not?

2. Alternate Interior Angles Theorem: If ` and `′ are two lines cut by a transversal t in

such a way that a pair of alternate interior angles is congruent, then ` is parallel to `′.

(a) Suppose for a contradiction that the lines do intersect at a point D. Draw the appropriate

diagram below.

(b) What is the contradiction?

(c) This was an example of proof by contradiction. Do you use this to prove things in your

class?
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We now will need three lemmas to get the rest of the way to the Saccheri-Legendre Theorem.

Lemma 1: If 4ABC is any triangle, then m(∠CAB) +m(∠ABC) < 180◦.

3. Prove this lemma. Hint: Use Exterior Angle theorem.

Lemma 2 If 4ABC is a triangle and E is a point in the interior of BC, then

S(4ABE) + S(4ECA) = S(4ABC) + 180◦

4. Draw the diagram and the proof requires only the Angle Addition Postulate and the Linear

Pair Theorem

Lemma 3 If A,B and C are three non-collinear points, then there exists a point D that does

not lie on
←→
AB such that S(4ABD) = S(4ABC) and the angle measure of the one of the

interior angles in 4ABD is less than or equal to 1
2
m(∠CAB).

5. The proof is quite slick and uses a diagram similar to the one for the Exterior Angle Theorem,

in fact the first two steps are the same, as we see in the diagram below:
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(a) Using the diagram above, prove that 4BED ∼= 4CEA.(Should be similar to Exterior

Angle Theorem.)

(b) Using the congruence above we have S(4BED) = S(4CEA). Now use Lemma 2 once

on 4ABC and once on 4ABD to prove that S(4ABC) = S(4ABD).

(c) Finally use the protractor postulate to yield m(∠BAE) ≤ 1
2
m(∠BAC) as needed.

6. Finally, we are ready to prove Saccheri-Legendre. Follow the outline below. This proof is also

by contradiction.

(a) Suppose that for some positive number ε S(4ABC) = 180◦ + ε. (Why is this what we

want to assume for a proof by contradiction?)

(b) Explain how Lemma 3 can be used over and over again, first on 4ABC and then on

4ABD and then on each successive triangle to shrink one of the angles very small...in

fact smaller than ε.

(c) What does this tell you about the angle sum of the other two angles? What Lemma does

this contradict?
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