
Math 896 Homework Day 8

“The theorems of this geometry appear to be paradoxical and, to the unini-
tiated, absurd; but calm, steady reflection reveals that they contain nothing
at all impossible.” –Carl Friedrich Gauß

1. Euclid’s fifth postulate states:

That, if a straight line falling on two straight lines makes the interior
angles on the same side less than two right angles, the two straight lines,
if produced indefinitely, meet on that side on which are the angles less
than the two right angles.

Many equivalent formulations have been developed over the years, and perhaps the
most natural is due to John Playfair (1748-1819).

Axiom 1 (Playfair). Given a line and a point not on it, at most one parallel to the
given line can be drawn through the point.

Prove Euclid’s Fifth Postulate assuming Playfair’s Axiom and the other axioms of
neutral geometry.

2. Consider the following “proof” of Euclid’s Fifth Postulate due to Adrien Marie
Legendre (1752-1833). What step is invalid, and why?

(a) Take a line ` and a point P not on `. Let PQ be perpendicular to `, and let
m be perpendicular to PQ through P . Hence we have m is parallel to `.

(b) Let n be a line through P distinct from m. Our goal is to show that n must
intersect `.

(c) Let R be a point on n between m and `. Define R′ be a point on the other
side of PQ such that ∠QPR′ ∼= ∠QPR.

(d) Since ` passes through Q on the inside of RPR′, ` must intersect one side of

this angle. If ` intersects n we are done, so assume it intersects the ray
−−→
PR′

at A.

(e) Let B be a point along the ray
−→
PR so that PA ∼= PB.

(f) Now triangle APQ is congruent to BPQ by Side-Angle-Side. Hence ∠PQB
is a right angle, which implies n and ` intersect.

(over)



3. Consider triangles in the unit sphere with angles α, β, and γ. Let the excess x be
α + β + γ − π.

(a) Create a graph with the excess on the x-axis and the area of the triangle on
the y-axis.

(b) What does the x-intercept represent? What does the slope represent? What
part of the graph is actually meaningful?

4. Recall the Sofa problem: A hallway of width h1 meets another of width h2 at a
right angle. You wish to turn the corner with a sofa of width w and length `.

(a) Model this problem in GeoGebra. Email your .ggb file to tseacrest@gmail.com.

(b) Let θ be the angle the sofa makes with n where the sofa is closest to the corner
A. Could θ be any value from 0 to 90◦ for various values of w, `, h1, h2? Is θ
more concentrated, perhaps even always equal to 45◦?


