
Math 896 Homework Day 8 Solution

1. Euclid’s fifth postulate states:

That, if a straight line falling on two straight lines makes the interior angles
on the same side less than two right angles, the two straight lines, if produced
indefinitely, meet on that side on which are the angles less than the two right
angles.

Many equivalent formulations have been developed over the years, and perhaps the
most natural is due to John Playfair (1748-1819).

Axiom 1 (Playfair). Given a line and a point not on it, at most one parallel to the
given line can be drawn through the point.

Prove Euclid’s Fifth Postulate assuming Playfair’s Axiom and the other axioms of
neutral geometry.

Solution.
We want to show that if we assume Playfair’s Axiom is true, then Euclid’s Fifth Postulate

is true. Hence we start with the hypothesis of Euclid’s Fifth Postulate, and proceed to show
that its conclusion holds, using Playfair’s Axiom.

Let t be a line intersecting two other lines `1 and `2, and let α and β be the interior
angles on the same side of t, as shown below. Let P and Q be the points of intersection
between t and `1 and `2, respectively.
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We have three possible cases of the relationship of `1 and `2:

1. `1 and `2 intersect on the same side of t as the angles α and β.

This is exactly the conclusion of Euclid’s Fifth Postulate—if it occurs, we’re done! We
now need to show the other two cases do not occur.



2. `1 and `2 intersect on the other side of t from the angles α and β.

Let D be the intersection of `1 and `2. Then PQT forms a triangle. The angle ∠DPQ
has measure 180◦ − α, since ∠DPQ and α are a linear pair along line `1. The angle
∠DQP has measure 180◦ − β, since ∠DPQ and β are a linear pair along `2. Thus,
the angle sum of 4DPQ is ∠PDQ + (180 − α) + (180 − β). Since α + β < 180
by assumption, the angle sum of 4DPQ is thus greater than ∠PDQ + 180. But
the Saccheri–Lengendre Theorem states that the angle sum of any triangle in neutral
geometry (and, specifically, the hyperbolic plane) is at most 180◦. Thus we have
obtained a contradiction, and this case cannot occur.

3. `1 and `2 do not intersect; i.e., they are parallel.

Construct a third line m intersecting t at Q such that the angle on the same side of m
as P and the opposite side of t as α also has angle α (see the figure below).
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By the Alternate Interior Angle Theorem, `1 and m are parallel lines. By Playfair’s
Axiom, there is a unique line through Q that is parallel to `1. Thus, since `2 and m are
both parallel to `1, they must be the same line. But then α and β form a linear pair
along `2 at Q, and so α + β = 180. This is a contradiction of our initial assumption
that α + β < 180.

Thus, we have examined all three cases. This finishes the proof.


