
Finite Geometries and Axiomatic Geometry

“As a basis for our study we assume an arbitrary collection of entities of an
arbitrary nature, entities which, for brevity, we shall call points, but this is
quite independent of their nature.” –Gino Fano

An axiom system has two components:

• Some special words called undefined terms.

• A set of statements regarding the undefined terms called axioms.

For us, the undefined terms will be “point” and “line”. If you take the axioms of Eu-
clidean geometry and strip away things like betweenness, measuring distance, measuring
angles, the parallel postulate, etc., you are left with the following axioms which we will
call minimalist geometry.

Axiom 1. There is at least one line.

Axiom 2. Every line contains at least two points.

Axiom 3. For every line, there is at least one point not on that line.

Axiom 4. For every two points A and B, there is a unique line L containing A and B.

An interpretation is an assignment of meaning to whatever undefined terms appear
in the axioms. A model is an interpretation of the undefined terms that make a set of
axioms true.

Considering the following example of an interpretation of “point” and “line”.

Example 1.

The points are A, B, and C, the lines are `1, `2, and `3, and each line consists of exactly
two points.



1. Is the interpretation given in Example 1 a model for minimalist geometry?

Yes! We can check each axiom:

(a) There is at least one line `1.

(b) All three lines contain exactly two points, so each contains at least two.

(c) No line goes through A, B, and C.

(d) There are three possible pairs, AB, BC, and AC, and these have uniqe lines
through them `1, `2, and `3.

2. Can you find a model of minimalist geometry with 4 points?

Yes! Either of the two below satisfy all four axioms

3. Is the following a model minimalist geometry? Consider a circle.

By “points”, we mean points on or inside the circle. By “lines” we mean chords of
the circle.

Yes! It satisfies all four axioms.

(a) There is at least one line, the chord shown in the picture.

(b) Any chord of the circle contains an infinite number of points.

(c) Three non-collinear points contained inside the circle do not all lie on a line.

(d) Given two points A and B in the circle, draw the Euclidean line between
them, and then take the chord that is cut by the circle. This is unique since
the Euclidean line was unique.

4. Prove or disprove the following theorems for minimalist geometry.

Statement 1. Given a point P , there is some line that does not go through P .



By Axiom 1, there is some line `. Case 1: ` does not go through P . The statement
follows.

Case 2: ` goes through P . By Axiom 2, ` contains another point Q. By Axiom 4, `
is the only line that contains both P and Q. By Axiom 3, there is some point R not
on `. By Axiom 4, there is a line k that contains R and Q. We have k is distinct
from ` since it contains R, and k does not contain P , since otherwise k would be a
second line that contains both P and Q. Hence k is a line that does not go through
P .

Statement 2. Every point is contained in at least two lines.

Let P be a point.

By Axioms 1 and 2, there is some line ` with two points. Hence there is at least
one point Q distinct from P . By Axiom 4, there is a line ` containing P and Q. By
Axiom 3, there is a point R not on `. By Axiom 4, there is a line k containing P
and R, and since ` does not contain R, ` is distinct from k. Thus, P is contained
in at least the two lines ` and k.

Statement 3. Every two lines intersect in at least one point.

This is false. In the first four point minimalist geometry from question (2), the two
outside lines do not intersect.

How lines can intersect is extremely important to the structure of the geometry.
You can imagine adding the following axioms as an axiom 5 to our axiom system.

Axiom 5 (Euclidean Parallel Postulate). Two lines intersect in at most one point.
Furthermore, given a line L and a point P not on L, there is a unique line L′ that
contains P and shares no points in common with L.

Axiom 5 (Hyperbolic). Two lines intersect in at most one point. Furthermore,
given a line L and a point P not on L, there are at least two lines that contain P
and share no points in common with L.

Axiom 5 (Projective). Every two lines intersect at a unique point.

5. Create a finite hyperbolic geometry. How many points do you need?

Here is one.

The above geometry has the minimum number of points. Let ` be a line in the
geometry. By Axiom 5, there are two other lines k and m that do not intersect `.
By Axiom 2, k contains at least two points and for m to be distinct from k, m must
contain a third point. All three of the points in k and m must be distinct from the
two points in `. Hence there are at least 5 points.



6. There is a projective geometry called the Fano plane where every line consists of 3
points. Can you find it?

7. Prove or disprove the following in projective geometry:

Statement 4. Consider all the lines through a given point P . These lines together
contain every other point of the geometry exactly once.

Let Q be another point of the geometry. By Axiom 4, there exists a unique line `
containing P and Q.

8. How can you create a projective geometry that contains the Euclidean plane?

Here is the model, we we will call the real projective geometry. Points are either
points from the Euclidean Plane or from the set

M = {m : m is the slope of a line in the Euclidean plane}.

A line ` is a line from the Euclidean plane, but ` also contains the point m from M
that is its slope. For example, to the Euclidean line y = 1

2
x we would add a point 1

2

from M . To the line x = 3 we would add ∞ from M . Finally, there is one special
line consisting of all the points in M . We can verify the axioms:

(a) There is at least one line: simply choose any Euclidean line.

(b) Every line consist of an infinite number of points.

(c) Any three non-collinear points in the Euclidean plane will still be non-collinear
in real projective geometry.

(d) Take two points A and B. If A and B lie in the plane, then take the unique
Euclidean line between them to obtain the unique real projective line between
them. If A is in the plane and B is in M , then take a line through A with
slope B. If both A and B are in M , then simply take line M . In each case,
the line found through the two points is unique.

(e) Take two lines ` and k. If ` and k have distinct slopes, then ` and k intersect
in the Euclidean plane. If ` and k have the same slope m, then they intersect
at point m in M . If k = M , then ` and k intersect at the slope of `. Hence,
every two lines intersect.


