
Math 447/847 Spring 2011 Final–Take-Home Portion Due at the final exam Thurs May 5

You can use the book, your notes, and the help files of your computer environment, but no other sources

(in particular, no other people except the instructor).

1. (25 pts)

(a) Write a function to compute the PA = LU factorization using Gaussian elimination with

partial pivoting. (You may use your computer environment’s built-in functionality to swap

rows or to swap columns within a matrix.) Test on the four matrices W, X, Y, Z on the webpage.

(b) The Hilbert matrix is a square m×m matrix A where aij = 1/(i+j−1) (note that this notation

is 1-indexed). Write a function that has m as a parameter, and returns the corresponding

Hilbert matrix (you should already have this function from Homework #3).

(c) Using part (a), compute the PA = LU decomposition for Hilbert matrices for several values of

m (such as 4, 6, 8). What are the growth factors of the matrices? Make a table of the growth

factors for 1 ≤ m ≤ 20. What do these values tell you about computing the LU factorization

of Hilbert matrices? What are the condition numbers of the Hilbert matrices for 1 ≤ m ≤ 20?

What does this tell you about using Gaussian elimination with partial pivoting to solve a

linear system Ax = b, where A is a Hilbert matrix?

2. (25 pts)

(a) Do Exercise 19.1 from the text.

(b) Apply the previous result to least-squares-solving Ax = b, where b is an 8-dimensional vector

of all 1s, and A is the first six columns of the 8 × 8 Hilbert matrix. Compare the solution of

this system using part (a) to finding the least squares solution using QR factorization and

the normal equations. Which one is better and why? (Hint: Think about condition numbers.)

3. (25 pts) Do exercise 29.1ab from the text: Write functions that do the following. Test both functions

on the 4 × 4 Hilbert matrix, as well as the matrices D, E, F on the webpage.

(a) Write a function T = tridiag(A) that reduces a real symmetric m × m matrix A to tridiag-

onal form by orthogonality similarity transforms. You may force the matrix to be exactly

symmetric and tridiagonal at the end.

(b) Write a function Tnew = qralg(T) that runs the unshifted QR algorithm on a tridiagonal

matrix T. Again, you may want to enforce symmetry and tridiagonal. Your program should

return the current tridiagonal matrix T as Tnew when the (m, m− 1)-th element satisfies
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≤ 10−12. Indicate for each matrix how many iterations were needed.


