
Math 447/847 Spring 2011 Midterm–Take-Home Portion Due in class Fri Mar 11

You can use the book, your notes, and the help files of your computer environment, but no other sources

(in particular, no other people except the instructor).

1. Let A be the 20× 15 real matrix given on the webpage.

(a) Compute the rank of A.

(b) Compute a singular value decomposition of A (you may use the builtin eigenvalue and eigen-

vector functions, but not the builtin SVD). Compare to the builtin SVD.

(c) What is the smallest number ρ such that there exists a matrix B of rank at most ρ that

approximates A to within 1.0 in the 2-norm? Give such a B. Similarly, answer the question

for the Frobenius norm.

2. Given the following vectors in R
2

v(0)
= (1, 1), v(1)

= (1, 3), v(2)
= (−1.5, 0.5),

let Hi denote the Householder reflector that reflects about the subspace spanned by v(i).

(a) For several points x ∈ R
2, compute the images of x under successive applications of the Hi.

For instance, for x = (1, 0), compute H1x, H2
1
x, H2H1x, H3H1x, etc. For each x, make a plot of

these images (include the reflection lines). What can you say about the resulting trajectory?

(b) What can you say about ‖y‖2 in terms of ‖x‖2 for the images y of x along the trajectory?

(c) Prove that H2H1H2H1 = I.

3. When using least squares to fit polynomials to data, we use the basis {1, x, x2, . . . , xn−1} for the

vector space of polynomials of degree at most n − 1. However, there are many other choices of

basis, some of which are much nicer. For polynomials on the interval [0, 1], we will use the inner

product

〈p(x), q(x)〉 =∫
1

0

p(x)q(x) dx

(see page 52).

(a) Using classical Gram-Schmidt, convert {1, x, . . . , x4} to an orthonormal basis for polynomials

on [0, 1]; these are called Legendre polynomials. (Unlike the standard practice mentioned in

the book, normalize the basis polynomials to have norm 1. You may use a computer algebra

system to help with the polynomial algebra and integrals, but polynomials are even easy to

integrate by hand.) Plot the resulting Legendre polynomials L0, . . . , L4.

(b) Set up a least squares problem that will fit a polynomial (expressed as a linear combination

of Legendre polynomials of degree at most n) to the data {(xi, yi)} given on the webpage. Solve

this least squares problem for each n ≤ 4. Plot the resulting polynomials with the data.


