
Math 850 Fall 2012 Homework #10 Due Fri Nov 9

Written Problems: Do four of the problems below.

1. Let K be a field, and let f be an irreducible polynomial in K[x]. Prove that multiplicative inverses

of nonzero elements exist in K[x]/(f), and hence K[x]/(f) is a field. (Note: You may assume that

K[x] is a Euclidean domain, and hence may use the Euclidean algorithm with respect to degree.)

2. Let K be a finite field of order q. For n ∈ N0, let an denote the number of monic irreducible

polynomials in K[x] of degree n. We will use the following algebraic fact: a monic polynomial over

a field can be factored uniquely (up to the order of the factors) into monic irreducible factors.

(a) Prove that ⟨a⟩ satisfies

∑
m1 ,m2 , ...≥0∑ imi=n

∏
i≥1

(mi + ai − 1

mi
) = qn .

(b) Prove that
1

1 − qx
=∏

i≥1

(1 − xi)−ai .

(Hint: Interchange the order of summations in the generating function, then interchange the

summation and product, and then simplify.)

(c) Take logarithms of both sides of the identity of part (b) to obtain the relation

qn
=∑

i|n

iai .

(Hint: Use the Taylor series expansion of log(1 − x).) Conclude that an > 0 for all n ≥ 1, and

hence there exists an irreducible monic polynomial of any degree over any finite field. Thus,

finite fields exist of order q = pn for any prime p and integer n ≥ 1.

3. Let C be a (7 , 16) code over F = {0 , 1} such that every word in F7 is at Hamming distance at

most 1 from exactly one codeword of C. A codeword of C is transmitted over a binary symmetric

channel with crossover probability p= 10−2.

(a) Compute the rate of C.

(b) Show that the minimum distance of C equals 3.

(c) What is the probability of having more than one error in the received word?

(d) A nearest-neighbor decoder D is applied to the received words. Compute the decoding error

probability Perr of D.

(e) Compare the value of Perr to the error probability when no coding is used: compute the prob-

ability of having at least one bit in error when an (uncoded) word of four bits is transmitted

through the given BSC.



4. Let C be a linear [n , k , d] code over Fq.

(a) Show that the number of distinct generator matrices of C is equal to the number of k × k

invertible matrices over Fq.

(b) Show that the number of distinct generator matrices of C is∏k−1
i=0 (qk − qi). (Hint: Construct

k × k invertible matrices one row at a time.)

5. Plotkin bound for linear codes.

(a) Let a = (a1 , . . . , ak) ∈ Fk
q be a nonzero vector, and let g : Fk

q → Fq be defined by g(x1 , . . . , xk) =
a · x = ∑k

i=1 aixi. Show that each element of Fq is the image under g of exactly qk−1 vectors

in Fk
q.

(b) Let C be a linear [n , k , d] code over Fq, and let T be a qk × n array whose rows are the

codewords of C. Show that each element of Fq appears in every nonzero column in T exactly

qk−1 times.

(c) Show that every linear [n , k , d] code over Fq satisfies

d ≤
n(q− 1)qk−1

qk − 1
.

(Hint: Show that the average Hamming weight of the qk − 1 nonzero codewords in the code

is at most the right side.)


