
Math 852 Spring 2013 Practice Homework #12 Not to be submitted

Other Problems: Section 13.1: 3; Section 13.2: 1,2,6,12; Section 13.3: 7. Do not write up! Think about

some that look interesting, as time permits.

Written Problems: Practice writing up four of the five problems below.

Section 13.1: 4; Section 13.2: 13.

1. A Steiner quadruple system (SQS) is a collection Q of 4-element subsets of X such that for any

3-subset T of X , there exists a unique Q ∈ Q such that T ⊆ Q. The integer n = |X | is called the

order of Q.

(a) Prove that if Q is an SQS of order n, then |Q| = n(n− 1)(n− 2)/24.

(b) Prove that if an SQS of order n exists, then n ≡ 2 , 4 (mod 6).
(c) Let V be a (finite dimensional) vector space over F2 . Define
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Prove that Q is an SQS on the ground set V .

2. Construction of a write-once memory. A write-once memory can store bits, but once a 1 is written,

it can never be changed to a 0 (think of a 1 being a hole in a punch card or a pit on a CD). Suppose

that we have four numbers from {1 , . . . , 7} that we wish to record during consecutive times. How

much memory do we need? A naive encoding would require 12 bits, but a clever encoding using

the Fano plane only uses 7 bits.

Let b1 , . . . , b7 denote the seven points of the Fano plane; these will index the seven bits of our

memory. The initial state of the memory is that every bit is 0. As a general rule, if we wish to

record value i, and the memory is in a state corresponding to i, then we do nothing. Otherwise,

we use the following rules:

(a) If the memory is empty, store i by putting a 1 in position bi.

(b) If the memory contains exactly one 1 bit (call this bit bi), then store j by putting a 1 in bk ,

where {bi , bj , bk} form a line in the Fano plane.

(c) If the memory contains exactly two 1 bits. . . .

Complete the specification of how to store four 3-bit numbers, and describe how to read values out

of the memory. (Hint: Use four 1s in memory to describe the third stored number.)

(c) Suppose the memory contains exactly two 1 bits in positions bi and bk , encoding j where

{bi , bj , bk} form a line in the Fano plane. Let ℓ 6= j be the new value to store. If ℓ ∈ {i , k},
then set bm and bn to 1, where {bℓ , bm , bn} form a line in the Fano plane distinct from the

line {bi , bj , bk}. If ℓ /∈ {i , k}, then set bj and bℓ to 1.

(d) Suppose the memory now contains four 1 bits, three of which are on a line {bi , bj , bk} and

the fourth in position bℓ. Let p 6= ℓ be the new value to store. If p ∈ {i , j , k}, then set bm to 1,

where {bp , bℓ , bm} form a line. If p /∈ {i , j , k}, then set all bits to 1 except bp.

To read the memory, use the following rules:

(a) If the memory has one 1 bit, say in position bi, then the value encoded is i.



(b) If the memory has two 1 bits, say in positions bi and bk, then the value encoded is j, where

{bi , bj , bk} form a line in the Fano plane.

(c) If the memory has four 1 bits, then three are on a line {bi , bj , bk} and the fourth is in position

bℓ. The value encoded is ℓ.

(d) If the memory has five 1 bits, then the bits are two lines that intersect in the point bp; the

value encoded is p. If the memory has six 1 bits, then the encoded value is p, where position

bp contains a zero.

3. Let C be a perfect binary code of length n and minimum distance d where 0 is a codeword. For

each codeword c ∈ C, let Bc = {i ∈ [n] : ci = 1}. Let B = {Bc : c ∈ C, weight(c) = d}. Prove that B

is a t-design, where t = (d+ 1)/2; that is, that every set of t varieties in [n] is contained in exactly

λ = 1 blocks of B.


