
Math 7405 Spring 2016 Homework #4

1. Let G be a planar graph with girth at least 5. Let c be a 3-coloring of a path or cycle
P : v1, v2, . . . , vq, 1 ≤ 6, such that all vertices of P are on the outer face boundary. For each
vertex v ∈ G, let L(v) consists of c(v). Otherwise, L(v) has at least 2 colors. If v is not on
the outer face boundary, the L(v) has 3 colors. Assume furthermore that there is no edge
joining vertices whose lists have at most 2 colors except for edges in P . Prove that if P is not
a path or q + 3 > k where k is the length of the outer cycle of G, then G is 3-choosable.

2. (a) Prove that in any proper 3-coloring of the graph below, the vertices u and v do not
receive the same color.
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(b) Without using any results related to Steinberg’s Conjecture, prove or disprove the fol-
lowing statement: “If G is planar and has no cycles of length 4, then G is 3-colorable.”

3. Let G by a connected planar bipartite graph with partite sets X = {x1, ..., xn} and Y =

{y1, ..., yn}. Assume that xi is adjacent to yi for i = 1, ..., n, and let
−→
G be a Pfaffian orientation

of G in which xi → yi for i ∈ [n]. Now define B(
−→
G) to be the n × n bipartite adjacency

matrix such that

bi,j =


1 if xi → yj in

−→
G

−1 if xi ← yj in
−→
G

0 otherwise.

For any permutation σ ∈ Sn such that
∏
i bi,σ(i) 6= 0, prove that

∏
i bi,σ(i) = sgn(σ). Conclude

that det(B(
−→
G)) is equal to the number of perfect matchings in G.

4. Use the Combinatorial Nullstellensatz to prove that the minimum number of hyperplanes in
Rn that do not contain 0 but together cover all other points in {0, 1}n is n. (Hint. The
equation of a hyperplane can be written as 〈a, x〉 = b.)

5. In the definition of an ε-regular pair (A,B), what is the purpose of the requirement that
|X| > ε|A| and |Y | > ε|B|?
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