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Abstract An error analysis result is given for classical Gram-Schmidt
factorization of a full rank matrix A into A = QR where Q is left orthogo-
nal (has orthonormal columns) and R is upper triangular. The work presented
here shows that the computed R satisfies RT R = AT A + E where E is an
appropriately small backward error, but only if the diagonals of R are com-
puted in a manner similar to Cholesky factorization of the normal equations
matrix. At the end of the article, implications for classical Gram-Schmidt with
reorthogonalization are noted.

A similar result is stated in Giraud et al. (Numer Math 101(1):87-100, 2005).
However, for that result to hold, the diagonals of R must be computed in the
manner recommended in this work.
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300 A. Smoktunowicz et al.

The classical Gram-Schmidt (CGS) orthogonal factorization is analyzed in
a recent work of Giraud et al. [7] and in a number of other sources [3,10,14,1,
4,9,13, Sect. 6.9], [2, Sect. 2.4.5].

For a matrix A € R™*" (m > n) with rank(A) = n, in exact arithmetic, the
algorithm produces a factorization

A=OR (1)

where Q is left orthogonal (i.e., QT Q = I,), and R € R"*" is upper triangular
and nonsingular. In describing the algorithms, we use the notational conven-
tions,

Az(al7"'7an), Qz(ql’aqn)a
R = (rjk).

The algorithm forms Q and R from A column by column as described
in the following pseudo-code. We label this algorithm CGS-S, for classical
Gram-Schmidt “standard.”

Algorithm 1 (Classical Gram-Schmidt Orthogonal Factorization (Standard)
(CGS-Y))

ri1 = llatll2; q1 = ay/r11;
Ry = (r11); 01 = (qv);

for=k=2:n

sc=0F a4

Vi = ag — Q18

Tk = Vill2;

Qi = Vi/Tkk;

- ;‘1 1 k-1 1
- k=1 Sk \. .

Ri= ( 0 rkk)’ Or= (Qk-1 a);
end;
0 =0, R=Ry;

As is well known [2, p. 67, Sect. 2.4.5], in floating point arithmetic, Q is far
from left orthogonal. As pointed out by Gander [5], as quoted by Bjorck [2, p.67,
Sect. 2.4.5], “even computing Q via the Cholesky decomposition of AT A seems
superior to CGS.” The authors of [7] prove a number of results about classical
Gram-Schmidt. This note shows that for one of their results (Lemma 1 in [7]),
the diagonal elements ry; should be computed differently from Algorithm 1,
substituting a Cholesky-like formula for rg, rather than setting rir = || vill2.
That change produces Algorithm 2. Since it uses a pythagorean identity to
compute the diagonals of R, we call it CGS-P for “classical Gram—Schmidt
pythagorean.”
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A note on the error analysis of classical Gram—Schmidt 301

Algorithm 2 (Cholesky-like Classical Gram—Schmidt Orthogonal Factorization
(CGS-P))

ri1 = llatll2; q1 = ay/r11;
Ry = (r1); 01 = (q1);
for=k=2:n

sc = 0L

Vi = ag — Q18

Vi = llaglla; ¢k = lIskll2;

rie = Wi — 0 Wi + o) V%

Qi = Vi/Tkk;
k—1 1 k-1 1
k—1 (Rr1 sk . )
R = ( 0 ru ; Ok= (Or-1 Qi )s
end;
O0=0u;R=Ry;

We assume that we are using a floating point arithmetic that satisfies the
IEEE floating point standard. In IEEE arithmetic

fex+y) = x+y)(1+98), 18l <em
for results in the normalized range [12, p. 32].

Letting e)7 be the machine unit, we follow Golub and Van Loan [8, Sect. 2.4.6]
and use the linear approximation

(1+em)™ =1+ p(mem + O(e3y)
for amodest function p(n) thereby assuming that the 0(812\/1) makes no significant
contribution.

For the sake of self containment, we give Lemma 1 from [7].

Lemma 1 [7] In floating point arithmetic with machine unit gy, the computed
upper triangular factor from Algorithm 1 satisfies

RTR=ATA+E, |El;<cmnlAl3em

where c(m,n) = O(mn?).

As stated, this lemma is not correct for Algorithm 1, but a slightly different
version of this result holds for Algorithm 2. Since the proof of Theorem 1 in [7]
depends upon Lemma 1, Theorem 1 cannot be established unless an alternative
proof can be found.
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302 A. Smoktunowicz et al.

We define the four functions

i |1 k=1
WD = 2v2mk +2vk  k=2,...,n,

m+2 k=1
C2(’”’k)_[3.5mk2—1.5mk+16k k=2.....n, @

c3(m, k) = 0.5¢c2(m, k), ca(m, k) = ca(m, k) + 2c1(m, k),
we let Ay be the first £k columns of A, and let
K2 (Ri) = IRK IR, o

The new version of Lemma 1 is Theorem 1.

Theorem 1 Assume that in floating point arithmetic with machine unit ey, for
the R resulting from Algorithm 2 for each k, we have

ca(m, k)emra(R)* < 1. (3)

Let A € R™K consist of the first k columns of A. Then, for k = 1,...,n, to
within terms of O(e%,[), the computed matrices Ry and Qy satisfy

OkRi — A = Ay, ||AAgll2 < ¢ (m, k)| Akll2em, 4)
RiRi — A A = Ex, ||Exll2 < ca(m, k)| Akll2’e (5)
IRkl2 = 1AkN2(1 + wr)s |l < ca(m, k)em, (6)

1T = QF Qkllz < catm, k)2 (Ri)*en (7)
1Qkll2 < V2. (8)

The proof of Theorem 1 is given in the appendix.

The restriction (3) assures that R is nonsingular, and that (7) and (8) hold.
A weaker assumption that assures that R is nonsingular and that ||Qll2 is
bounded would yield bounds similar to (4), (5), and (6).

Remark 1 The condition (3) and the bound (7) are stated in terms of «x»(Ry).
We now show how it may be stated in terms of

K2(Ar) = 1Akl IIAL 12

where A]T( is the Moore-Penrose pseudoinverse of Ay. In exact arithmetic,
k2(Ag) and x2(Ry) are the same quantity, and Eq. (6) states that |Rg|> and
|Akll2 are nearly interchangable in floating point arithmetic. To relate ||R,:1 I

and ||A};||2, we use eigenvalue inequalities.
From the fact that

IR = VMR RO, 1AL = \Jax(Af Ap) )
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A note on the error analysis of classical Gram—Schmidt 303

where Ar(-) denotes kth largest (apd therefore smallest) eigenvalue, we can
obtain an upper bound for ||A,T(||2 using Weyl’s monotonicity theorem
[13, Theorem 10.3.1]. Applying that theorem to (5), we have

M (RER) = M(Ap Ap) — || Ekll2
> A (AL AR — emca(m, k) | Axll3 + O(e3))
= M(Af Ag) — epca(m, O|IRk |13 + O(e3))
> (A A = &)

where
Sk = emea(m, k2 (R + O(eqyp). (10)
Using (9), we have
IRl < 1A 21 = ¢~ V2.
From (6), we may conclude that

K2 (Ri) < k2(AR) (A + ) (1 — &)~ V2,

Thus a slight variation of the condition (3) may be stated in terms of k(Ay).
Since it fits more naturally into the proof of Theorem 1 and it is more easily
computed than k2 (Ag), we use k2 (Ry).

The conclusion of Theorem 1 does not hold for Algorithm 1, as shown by the
following example. We were able to construct several similar examples. Both
examples were done in MATLARB version 7 on a Dell Precision 370 workstation
running Linux.

Example 1 We produced a 6 x 5 matrix with the following MATLAB code.

B=hilb(6);

Al = ones(6,3) + B(:,1:3) x1le — 2;
B=pascal(6);

A2 =B(:,1:2);

A=[Al A2];

The command hilb (6) produces the 6 x 6 Hilbert matrix, the command
ones (6,3) produces a 6 x 3 matrix of ones, and the command pascal (6) pro-
duces a 6 x 6 matrix from Pascal’s triangle. The condition number of R from
Algorithm2, k2(R) = |R|l2||R!|2, computed by the MATLAB command cond,
is 3.9874 - 10%, thus given that gy, &~ 2.2206 - 10716 in IEEE double precision, R
is neither well-conditioned nor near singular.
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304 A. Smoktunowicz et al.

Table 1 Orthogonality and

: T T 2 T
Normal Equations Error from Algorithm IA7A — R Rl2/1Al; 11— Q" Qll2
s Algorithms for CGS-S (Algorithm 1) 4.5460e-9 3.9874e-6
p CGS-P (Algorithm 2)  3.3760e-17 5.2234e-5

We computed the Q-R factorization using Algorithm 1 (CGS-S) and then
we computed the same factorization using Algorithm 2 (CGS-P). The resulting
Q and R satisfy the results in Table 1. The work in this paper was motivated by
noting that the components of ATA — RTR/| A ||% = O(epy) except for the (4,4)
and (5,5) entries which were substantially larger.

The bound on ||[ATA — RTR||; in (5) appears to be satisfied if r¢; is computed
as in Algorithm 2, but it is not if r¢ is computed as in Algorithm 1.
A larger, more complex, but better conditioned example is given next.

Example 2 A large class of examples where CGS-S obtains a large value of
I|AT A — RT R||2/(||A||%), but CGS-P does not arises from glued matrices.
A general MATLAB code for these glued matrices is given by

function [A]l=create_gluedmatrix
(condA_glob, condA,m,nglued, nbglued)

n = nglued*nbglued;

A orth(rand(m,n)) ;

A = A*diag([10." (0:condA_glob/ (n-1) :condA_glob)])

*orth(randn (n,n)) ;

ibeg = 1;

iend = nglued;

for i=1:nbglued,

A(:,1ibeg:iend) = A(:,ibeg:iend)
*diag([10." (0:condA/ (nglued-1) :condA)]) ...
*orth (randn (nglued,nglued) ) ;

ibeg = ibeg+nglued;
iend = iend+nglued;
end

Here m represents the number of rows of A, nglued is the number of
columns in a block, nbglued is the number of blocks that are glued together, and
n = nglued x nbglued is the number of columns in the matrix. The parameter
condA is the condition number of a block, and condA_glob is a parameter to
couple the blocks together. The MATLAB command orth (X) produces an
orthonormal basis for the range of X, thus the command orth (randn (m, n) )
produces a random orthogonal matrix.

For this example, we used the parameters

condA_glob = 1;condA = 2;m = 200; nglued = 5;nbglued = 40;

for which we obtained a 200 x 200 matrix with condition number 506.92 (the
condition number of the orthogonal factor R is about the same). We also used
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A note on the error analysis of classical Gram—Schmidt 305

Table 2 Orthogonality and

: T T 2 T
Normal Equations Error from Algorithm IA7A — R Rl2/1Al; 11— Q" Qll2
s Algorithms for CGS-S (Algorithm 1) 3.8744e-6 9367604
p CGS-P (Algorithm 2)  2.8729¢-16 1.8972e-12

the command randn (‘state’,0) to reset the random number generator to its
initial state. Table 2 summarizes the results from applying CGS-S and CGS-P
to this matrix.

For this example, the loss of orthogonality of CGS-S is far in excess of
O(ek2(R)?), whereas the loss of orthogonality for CGS-P is well within that
bound. The error |ATA — RTR||; is far larger for CGS-S than it is for CGS-P
and is much greater than O(8M||A||%).

Remark 2 As pointed out by one referee and observed in some of our tests,
when A does not satisfy the assumptions of Theorem 1 it is possible to have
¢r > Y and thus have Algorithm 2 “break down”, resulting in Q and R that
are not real matrices. For Algorithm 1, such break down is not possible.

Implications for reorthogonalized Gram—Schmidt

The most common application of CGS is with reorthogonalization. The main
implication of Theorem 1 is in choosing between two reorthogonalization
schemes, CGS2 given in [7] and CGS-K given in [6,11]. The algorithm CGS2 [7]
performs a Q-R factorization by replacing the main loop of Algorithm 1 with

sk = 0F a1 Vi = ax — Ok 15k
sk = O Vi Vi = Vi — Q1884
ik = |IVill2; Sk = Sk + 88k;

Ak = Vi/Tkk;

Thus, CGS2 performs two orthogonalizations per step. However, two orthog-
onalizations are not always necessary. Instead, using a variant of procedures in
for instance [1] or [4], we may choose to use the CGS-P variant for the first
orthogonalization as follows

sk = OF a1 Vi = ax — Qk_15k;
Y = llagll2; dr = lIskll2;
if |[vell2/Vk = Bmin
ek = Wk — i)' (i + i)V
else
sk =08 Vi Vi = Vi — Qp_188k;
Tik = Vi ll2; Sk = Sk + 88k
end;
Ak = Vi/Tkk;
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306 A. Smoktunowicz et al.

If we substitute this step for the main loop of Algorithm 1 or 2, this is the
Q-R factorization called CGS-K by Langou [11] (see also [6] and the refer-
ences therein). The value fBpin € (0,1) is bounded away from zero (in [1],
Bmin = +/0.8,in [4], Bmin = ~/0.5). The computation of || v|> in the if statement

may be avoided by substituting the test ¢x/yx < (1 — ﬂrznin)l/ 2 thereby also
preventing break down of the form discussed in Remark 2. If we take the else
clause for each k, then we have the CGS2 algorithm. If we take the if clause for
each k, then we have Algorithm 2. In the latter case, if A satisfies the hypothesis
of Theorem 1, we have the bounds on the orthogonality of Q in (7) and on
the error in the Cholesky factor R in (6). If, on the other hand, we substitute
rkk = ||Vk|l2 for the computation of ri in the if clause, no result like Theorem
1 is guaranteed. Therefore this common strategy for classical Gram—Schmidt
works best if the normalization in Algorithm 2 is used.

Conclusion

The upper triangular factor R from classical Gram—Schmidt has been shown
to satisfy the bound (5) provided that the diagonal elements of R are com-
puted as they are in the Cholesky factorization of the normal equations matrix.
If these diagonal elements are computed as in standard versions of classical
Gram-Schmidt, no bounds such as (5) or (7) may be guaranteed. When devel-
oping algorithms for classical Gram-Schmidt similar to those in [1,4] with
reorthogonalization, this result shows that a useful Q—R factorization is obtained
even if such algorithms always stop after one orthogonalization step.

Appendix: Proof of Theorem 1

To set up the proof of Theorem 1, we require a lemma.

Lemma 2 Let Q € R™" and R € R™" be the results of Algorithm 2 in floating
point arithmetic with machine unit epy and that R satisfies (3). Then

rin = llaglla(L+81),  181] < (0.5m + Ve + O(e3)) (11)

and fork =2,...,n

172
i = (a3 + 80 = Isel31+ A0) (12)
18kl 1Ak] < (m + 8)en + O(eqy),
Isell2 < llakl2(1+0), 18] < on +Dens + Oelp. (13)
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A note on the error analysis of classical Gram—Schmidt 307

Proof Equation (11) is just the error in the computation of |laj[]2. In the

computation of rix, k = 2,...,n, note that
Vi = Fellagla) = lagla(1 + ), (14)
o = Fellsell) = lsklla(1 + €59, (15)

|el-(k)| < (0.5m+ Depy + 0(8]2\/[), i=12

Using (3), we conclude that R is nonsingular, thus ry; > 0 for all k. Thus in
Algorithm 2, g > 0 only if ¥y > ¢.
To get (12), note that

rik = Uk — o Vi + ok (L + 65, 1€P] < 36 + 0D,

Thus using (14) and (15), we have

ek = 331+ €82 — sel301 + 021 + €9
12
= (lawl3 + 80 — el + Ap)
where

8= +e/)1+ €9 -1,
Ap=1+eP21+ePy2 1.

That yields
18k], 1Ak < (m 4 8)en + O(e3)).

Therefore ryy satisfies (12).
Since ¥ > ¢y as outlined above, from (14) to (15), we have

Vi = lala (1 + ) > g = lIsella(1 + )
thus
Isellz < lagla( + e/ +e)!
< lagll2d +¢)
where ¢ satisfies (13). O

As a consequence of the singular value version of the Cauchy interlace
theorem [8, p. 449-450, Corollary 8.6.3], we have that |Ri|2 < |R|> and

||R,:1 ll2 < IIRY2. We will use these facts freely in the proof of Theorem 1.
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308 A. Smoktunowicz et al.

We can now prove Theorem 1.

Proof [of Theorem 1] The results (4)—(5) are proven by induction on k. First,
consider k = 1. From Lemma 2, we have (11), so

i1 = lagllo(1+81), 1811 < (0.5m 4 Dep + O(ey)
which implies that

RI Ry =1} = a1 + 8))°
=ATAI(1+68)* = AT A + E

where
Ey =281AT A1 + 57AT Ay
Thus
IEill2 = |Eil < (m+2D)llail3em + O(elp) = (m+2D)|Arll5em + O(eiy)-
Also, we can conclude from standard error bounds that
q =T +Gpay/rir, NGl < em.
Therefore
A — QiR =a; —qirii = —Giay
so that
A1 — OQ1R1ll2 = llay — qurirll2 < IGrll2llarllz < emlla 2. (16)
Assume that (4)—(8) hold for k — 1, and prove them for k. We first prove
(4),(5), and then show that (6)—(8) follow.

First, we start with error bounds of the computation of the vectors sg,v,, and
qx to prove (4). Note that

sk = fLOL_ja) = OF _jay — sk 17)

where

I18skll2 < mv/k — 1|Qk_1ll2llakll2em + O(e3y)
< V2(k — Dmlagllaen + O(3)). (18)
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A note on the error analysis of classical Gram—Schmidt 309

Also, we have
Vi = fl(ag — Ok—15¢) = ak — Q15 — Vk (19)
where
I8vill2 < llaclizen + vk — 1ml| Qi1 ll2lIsillaen + O(ed).

From (13), the bound on ||s;||2 in (13), and the induction hypothesis on Qj_1,
we have

18villz2 < (V20k — Dm + 1) llagll2em + O(ejy). (20)

Again using the bound on ||sg||2 in (13), we note that

Vi + 8vkll2? = llagll3 — 2a Ox—15k + | Qk—15¢II3
= llagl3 — 2liskll3 + 1 Q_18kl13 — 2(8s) sk
< llagl3 — 2lskl3 + 1 Qu—115lIskl3 — 2(8s) s
< llakli3 — 2lIsl3 + 2lskll3 — 2(8s) sk
= llakl3 — 2(8s) si
< llagl3 + 2118sk 12 lIskll2
= llakl3 + 218k 2 llakll2 + O(efy)
< lagl3( + V2(k — Dmey)* + O(e3p).

Thus

Ivill2 < llagll2(1 + Bv/2(k — Dm)en) + O(eqy) = llaglla + Olem).

We note that

Qe = T+ Govi/rik,  1Gll2 < em.

If we let
AAg = OrRic — A
then
AA = (AAg_q Say)
where

dap = (I + Gp)vi + Op_18k — ag,
= Gka — 5Vk.
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310 A. Smoktunowicz et al.

That yields

I8akll2 < IGkl2livillz + 18vkll2 < @v2(k — Dm + 2)emllaglla + O(exy).

To bound ||[AAg]||2, we give a recurrence for bounding ||AAg| r in terms of
Il A7, then use the bound ||Ax||r < Vk||Akll2. We show that

IAAK]F < & (m. k) | Akl Fem + O(efy)-
Fork =1,
IAAlF = llarll2 = emllaill = emllArllF.
Using properties of the Frobenius norm,

IAARNE < IAAR_1 17 + lI5arl
< [&1m,k — D Ar_1 17 + 2v2(k — Dm + 2)||ac|31e3, + O(ex)
< max{ef(m,k — 1), 2v2(k — Hm + 2} (1 Ax 1 lIF + llagllDeg
+0(s3))
= &m, )| Akl Fe3, + Olenp.- @1)

A quick induction argument yields
& (m, k) =22k — Dym +2 < 23/2km + 2.
Thus
1AALl2 < 1AALF < é0m, KemllAkllr + O(exp) < Vker(m, k)| Al + O(egy)

yielding (4) with ¢ (m, k) = 2+/2mk + 2Vk > ke (m, k).
To prove (5), note that

k-1 1

k—1(Ew1 W

_ pT AT _ k—1 k
Er =R Ry AkAk_1 (w,{ €kk)

where using Lemma 2, we have

T T
Wi = kalsk — Akflak,
T T
ek = S; Sk + Vik —a;a;

= (Skazak — Akszsk.
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A note on the error analysis of classical Gram—Schmidt 311

Using the bounds on §; and Ay in (12), we have
lexk| < 18kl llagl3 + | Akl lIskll3
< (18l + 1AkD lagll3 + O(elp)
< 2(m+ 8)l|agl3en + O(elp)
< 2(m + 8) | Axli3em + O(e3y).
Since
Sk + sk = OQp_jak, Ag_1+ AAg_ = Or_1Rik4
we have
Wi = szlsk — Azflak
= szleflak - REA‘SSk - Aﬁla/«
= AA_ja — R8sy (22)
So that ||wg||2 has the bound
Iwell2 < lIAAk_1ll2llakllz + IRk=11121188kll2 + O(Sﬁ)
< (cr(m,k — D Ar—1ll2llagllz + 2k — Dm||Ag—1ll2llakll2)em

< 2v2m(k — 1) + 2k — 1 4+ 20k — Dml| Ax_1 |2 |ag 26 + O(s3p)
< Tm(k — V)| Arll3em + O(e3,) (23)

We have that

Ek,1 0 0 Wi
IEkl2 < I ( 0 ekk) ll2 + 1l (WZ 0 ) 2

< max{||Ex_1ll2, lexk!} + Will2

< [max{cz(m, k — 1),2(m + 8)} + Tm(k — D1 Axll3ep + O(e3p)

< [ea(m, k — 1) +2(m + 8) + Tm(k — D1|Axl3em + O(3))

< c2(m, )| All3em + O(ely) (24)

where

k
ca(m,k) = D [2(m +8) + Tm(j — 1)]
j=1
= 3.5m(k — Dk + 2mk + 16k.

Thus we have the expression for ¢y (m, k) given in Eq. (2).
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312 A. Smoktunowicz et al.

To prove (6)—(8), we simply apply (4), (5). Equation (6) results from noting
that

IRKII3 = IR} Rill2 = A} Ag + Exll2
< AT Aglla + 1 Exll2 < (1 + ca(m, K)em) | Ak |3 + O(3)).

Thus,
IRkll2 < (1 + c3(m,k)ean) [ Axll2 + O(e3y)

where
L+ c3m,k)ey + O(edy) = V1 + ca(m, k),

that is, c3(m, k) = 0.5¢2(m, k). Reversing the roles of Ry and Ay yields
1Akl < (1 + c3(m, Kean) [ Ricllz + O(e3y),

thus we have (6).
To get (7), we note that

Ok = (A + AAPR;!
so that

I—0f Ok = R" (R R — (Ag + AR T (Ag + AADR!
= R, (Ex = AR AAg — (MY A — (AAQD T (AAIR, .

Thus

17— OF Oxllz < IRIBUIEK2 + 21l AAk 1Ak 12 + | AAKI3)
< IR 3 (c2(m. k)| Akl3
+2¢1(m, )| Ak} + emctm, k)| Akl3)enm + O(ely)
< IRKIZIR M 13 (c2(m, k) + 2¢1(m, k))en + O(e))

= ca(m, ) |IRLIZIR,  3em + O(e3y)

where c4(m, k) = co(m, k) + 2¢1(m, k).
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A note on the error analysis of classical Gram—Schmidt 313

Finally, to get (8), we have that

10k13 = 10k Qillz = I — O Qi — 1112
< M2 + I — OF Qkll2
<1+ - 0f Okl
< 1+ ca(m, OIRKIZIR,  3em + O(ehy) <2+ O(edp).

Taking square roots yields (8). o
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